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Picarp has shown f thet the equation 
(1) =F (Es 4 


has a solution 7 = n(&* joining two given points p and q¢, provided that / satis- 
fies certain continuity restrictions and that ¢ lies in a properly chosen region in 
the vicinity of the point p. The constants of integration are then the codrdi- 
nates of p and g. In the following pages it is proposed to discuss the character 
of the solution as a function of these coordinates, and to extend Picarp’s theorem 


to the equation 


1 
(2) 


where the solution is sought in the form 


(3) t), y=y(t), 
and where 

1 ay” 


In § 3 an application is made to the problem of minimizing the integral 


th 
I= F (2, Yr )dt 
to 
taken along a curve in the form (3). It is shown that a finite closed region S 
of the (x, y)-plane and a constant 6 > 0 can be found, such that any two points 
* Presented to the Society December 31, 1903. Received for publication October 29, 1903. 
t Tr1ité d’ Analyse, vol. 3, pp. 94-100. 


t Primes indicate differentiation with respect to the variables £, ¢, +, s, which in the follow- 
ing fF ges do not occur in the same functions. 
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of S whose distance is less than 6 can always be joined by a continuous extremal 
of the problem with a continuously turning tangent, and this extremal minimizes 
the integral J. 

In his lectures* on the caleulus of variations WerIeERSTRASS used the first 
part of this result for the purpose of constructing a field in the neighborhood 
of a given point. The theorem also plays an essential role in the recent exist- 
ence proofs of HitBert} and Nostef¢ in the caleulus of variations. So far as 
is known to the writer, however, no proofs have been given. In the proof of $3 
HILBert’s notion of the invariant integral has been extended to the problem of 
the calculus of variations for curves in parametric representation. 


$1. The character of Picard’s solution. 
Suppose that the function / in equation (1) is continuous with continuous first 
partial derivatives for all values of &, 1, 7’ in a region 


| 


R: |E| < 2a, < 2b, n | < 20’, 


and let 7, a, 8 be positive constants greater than the absolute values of 
f, f,. respectively for such arguments. If b’ < 2b’, and a region 


is defined entirely within 72 by the inequalities 


(4) = n| =), 


0? 


then a function 
(5) n= $(&, 
and a positive constant /|) exist with the following properties : 

1) are single-valued, continuous, and have continuous first partial 
derivatives with respect to & 
— &,| <4; 

2) »= @¢ isa solution of the equation (1), such that 7, 7’ have the initial 
values ,, 9, for = &, and (&, 7’) lies in 

3) 7 is the only continuous function of & with continuous derivative on the 


for all points (&,, in Z2,, and for 


interval |& — & | </, which has the properties described in 2).% 


* Summer, 1879. 

+ HILBERT, Lectures on the calculus of variations, 1900. HILBERT extends the definition of 
the definite integral of the calculus of variations, making it apply to a class of functions without 
derivatives. The identity of this definition with one given previously by WEIERSTRASS has 
been proved by OsGoop by means of the theorem which is the subject of this paper. See the 
Transactions of the American Mathematical Society, vol. 2 (1901), p. 294, footnote. 

{ NOBLE, Eine neue Methode in der Variationsrechnung, Dissertation, Gottingen, 1901. 

Z Literal subscripts denote partial differentiation. 

lis the smallest of the quantities a, b/M, 2h’ —b,/M. 

“ For the existence of the function (5), see, e. g., PICARD, Traité d’ Analyse, vol. 2, chap. 
11 ; for the uniqueness, and existence of derivatives with respect to the constants, see especially 
PEANO, Atti di Torino, vol. 33 (1897), p. 9. Other references are given by PAINLEVE, 
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Consider now another point (£,, 7,) besides (&,, 7,). If , can be so deter- 
mined that 


then the corresponding solution (5) will pass through both points. If further- 
more Of(£,, &, 1, ,)/On, + 9, then equation (6) can be solved for », as a 
function of &, ,, &,, 7,, and solutions of (1) will be determined which pass 
through any two points in the neighborhoods of the two originally considered. 

From the results of Picarp * it follows that when (&,, 7, ) is properly chosen, 
there is one and only one solution 7} of (6). The region about ( &,, 7, ) 


R,: | <a, <4, | <5, 
is entirely within #, and consequently the assumptions for / still hold true. 
PicarD has shown that if a positive constant 6 satisfies the inequalities + 


8 
(A,) Mg + 8b’ <b, +8, <1, 


and if furthermore (&,, 7, ) lies in the V-shaped region about (&,, 7, ), 
(7) 0<§-§ =6, — | = 


then there exists a continuous solution of (1) with a continuous derivative on 
the interval =& =€,, which joins (£,, »,) with (£,, ,). This solution lies 
entirely within #,, and is the only one with the given properties even in 2. 
The initial value 7; so defined satisfies the inequalities (4) and is the desired 
solution of equation (6). 

Furthermore, = 0¢(&, &, ,, cannot vanish for such a value of 
when = &,. It is, namely, a solution of the equation 


(8) tu fi, 


which is not identically zero because at & = & the initial values of 7, ’ are 
and consequently 


Od’ 
0 = 1= 
On On, 


But according to PicarD t no solution of (8) except « = 0 vanishes twice on 
<= <= 
the interval 


Encyclopidie der Mathematischen Wissenschaften, I[A4a, pp. 195, 200. The 
theorem is true if 2, is any region entirely interior to 2, but the value of / must be chosen dif- 
ferently. 

* Traité d’ Analyse, vol. 3, pp. 94-100. 

t The form of statement here given differs slightly from P1carp’s. 

t Loc. cit. p. 100. It is important to notice that the PICARD coefficients aj, bi, are continu- 
ous, and that the interval on which the existence proof can be made for his equations ( £), is 
the same as the interval for the original equations. 


Z 
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It follows then from the foregoing and from the theorems on implicit functions * 
that (6) can be solved for ;, and that the resulting function of &,, »,, &,, 7, is 
single-valued, continuous, and has continuous first partial derivatives for all 
values of £,, », which satisfy (4), and of &, », which satisfy (7). After substi- 
tution of this function in (5), the latter takes the form 


(9) n=v¥(&, &,, 


where y has the following properties : 
1) are single-valued and continuous, and have continuous first 
partial derivatives with respect to &, ,, &,, 7, for all values of the arguments 


satisfying the conditions, 
j= | <= 
| =, 


= = §,: 


2) » = vw solves equation (1), has the initial and end-values 7,, 7, at &, and 
&, and the points (&, 7, 7’) defined are all in R; 

3) » is the only continuous function of € with a continuous derivative on the 
interval &, = € =€,, which has the properties described in 2). 


§ 2. Extension of the preceding results. 
In order to extend the results of § 1 to the equation (2), suppose 
1) G@ is continuous with continuous first partial derivatives when (2, 7) lies 
in a certain finite closed region S, of the (#, y)-plane, and x’, y’ are any values 
not both zero; 
2) G(x, y, Ku’, Ky’) = G(x, y, x,y’) («>0),t 


for all points (a, y, x’, y’) described in 1). 

If S is a closed region entirely interior to S,,a positive quantity 5 can be 
found such that any two points y,) and Q(2,, y,) of S, whose distance 
P is less than 6, can be joined by a continuous solution of (2) with a con- 
tinuously turning tangent. To prove this, the («, y)-plane can be transformed 
into a (€, 7)-plane by translation and rotation, so that P goes into the new 
origin and the line /@ into the new &-axis. Equation (2) becomes 


1 
(10) pa 


*See, for example, JORDAN, Cours d’ Analyse, 2d ed., vol. 1, p. 80. 
¢ This is the necessary and sufficient condition that G, like », should be independent of the 
parametric representation. Fora similar case, see KNESER, Lehrbuch der Variationsrechnung, p. 6. 
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where I‘ has the properties 1) and 2) with respect to a region =,, the transform 
of S,. On account of 2), & can be choosen as the independent variable, so that 


(10) takes the form 


(11) 0,1, 0, 7’). 


Since S is entirely interior to S,, a positive constant € exists such that a cirele 
of radius e about any point of S lies also entirely within S|. A region #2 for 
the equation (11) is then defined by selecting 4’ arbitrarily and taking 
(12) 9a = 2b = 
The values of the constants J/, a, 8 are independent of the choice of P and 
@ in S, and can be determined as follows. The absolute values of G and its 
derivatives have a maximum when y) lies in S, and + =1. The 
corresponding maxima for I’, I’), I’), are easily seen to be not greater than 
N, 2N, 2N respectively. On account of 2) the absolute values of T, I, 
do not exceed these constants when &’, 7’ take any values whatsoever which are 
not both zero. But 


, 1 , , 
and therefore 


2N 
VET 
whatever (&', 7’) +(0,0) may be. The values of J/,a,8 are obtained 
from the following inequalities, derived with the help of (13) : 
if |<(1 4 4b" 
= + |< (1 + 40") 
fy | = +o + (14 9” < + 40°) (1 4 40”) ON. 
The following notations will be used; 


s = the length of are measured from P along a solution (3) passing through P ; 
T = the angle between the positive x-axis and the direction of the tangent for 


increasing 8; 
r = the length of the radius vector from P to the point of the solution cor- 


responding to s; 

& = the angle between the positive x-axis and the radius vector. 

Suppose now 6 > 0 determined as in §1 for the equation (11), and that the 
distance from P to @ is less than 6. Then it follows that there exists one and 


= 
q 
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only one continuous solution of the equation (2) with a continuously turning tan- 
gent, joining P and Q and satisfying the inequalities 


r sin (# — < 2b, |tan (tT — < 20’, 


where #, is the value of J at Q. These inequalities, which are derived from 
the ones defining /, are equivalent to 
2b’ 


(14) rsin(d < 2b, isin(tT — < 
V1+ 4b" 


The constant 6 can be further restricted, however, so that every continuous 
solution of (2) with a continuously turning tangent, which joins P and Q and lies 
entirely within a circle of radius 6 about P, must satisfy the inequalities (14). 
Consequently there can be but one such solution in the whole circle. The 
former of the inequalities (14) is easily seen to be true, for from (A, ) and (12) 


|jrsin(d 


In order to make the second inequality hold true, the equations of the curve 
(3) can be written in the form * 


(15) = | cos T'ds’, -| sin tds’, 
0 


the primes distinguishing the variables of the integrand. Then 


dr 1 ; dx dy 
(16) ds p (: ds’ ds 


and the square of the radius vector has the second derivative 
dr 2 


_9) ay | 


2 ag | 


as 


2 (sin T | cos ds’ — cos T | sin rds’ ) | 


2 1—G [sin | 


=>2/1—Ns}. 


Since d*/ds vanishes for s = 0, the last inequality shows that dr?/ds and there- 
fore r constantly increase with s, when s remains on the interval 


(17) 


*Encyclopidie der Mathematischen Wissenschaften, IIID1, 2, p. 34. 
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After two integrations from 0 to s and a root extraction, it follows that 
(18) r=sV1—jNs= sy . 


Consequently 7 attains the value 1 3/1 while s is still on the interval (17). 


If therefore 


1 
(A,) 


and the are PQ is entirely within the circle of radius 6 about P, then s cannot 
exceed 1/N and the inequality (18) holds true. 
From (16) it follows that 


(19) [Gas =N'is—s'|, 


where 7’ is the value of 7 at any point (s = s’) of the are PQ. Further, from 


(15), 


— ; | sin (t— 7’ )ds’, 
where 7,, s, are the values of 7, s at Q. Consequently, from (19) and (18), 
t—7 =N 


and the second of the inequalities (14) will be satisfied if 
2b’ 

(A,) = 

V1+ 4b" 


It has been proved therefore that there is one and but one continuous solution 
of (2) with a continuously turning tangent, which joins P and Q and lies entirely 
within a circle of radius 6 about P, provided that 6 satisfies (A,),(4,) and 
(A,). If the length s along the are PQ is taken as parameter, the equations 
of this solution can easily be found. The relations between the (#, y)- and 
)-coordinates are 


(20) Ecos ¥,—nsind,, y=y,+ Esin J, + neosd,, 
and the relation between £& and s is 


(21) 


$v 


On account of the theorems on implicit functions and the properties of (9), the 
equation (21) has a solution 


/ 
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(22) E= &(s, E,, No» 

where the function £, together with its derivatives &’, &”, is continuous and has 
continuous first partial derivatives with respect to &, »,, &,, , for all points 
(&,. ,) and (&,, »,) within small circles about (0, 0) and (7,, 0) respectively, 


and for 


(23) Vil + dE. 


\ 
\ 


IA 


This function € can now be substituted in (9), and then both (22) and (9) in 
(20). The resulting equations give all the solutions of (2) joining points in the 
neighborhood of P and Q. If &,. »,, &,, 9, are replaced by their values in 
(x, y)-codrdinates, it follows that there exist two functions 
(24) Ys y= h ($5 Uys Yoo 
with the properties é 

1) h’ exist and with g,h are single-valued and continuous, and 
have continuous first partial derivatives with respect toxv..,y,,%,, y, for all 


values of the five arguments such that 


is in S, and + (4-H) <8; 


1 


2) the curve defined by (24) lies entirely in a cirele of radius § about (x,, y,), 
solves equation (2), and passes through Jor 8 =9 and s=s, 
respectively ; 

3) this is the only continuous curve with continuously turning tangent which 


has the properties described in 2). 


$3. Application to the calculus of variations. 


In the integral J suppose that the function /’ is continuous with continuous 


first, second and third partial derivatives, and that 


(25) F(v,y, «xv, xy y,2',y') («>0),t 
yo 


* From equation (23) it follows that s, is a continuous function of 79, ¥9, 2;, y; With contin- 
uous first partial derivatives. ; 

Tt This is the condition for the integral J to be invariant under change of parametric represen- 
tation. See KNESER, loc. cit. 

{ For the possibility of defining F, in this way see KNESER, loc. cit. p. 52. Problems for 
which F, > 0 have been named regular by HILBERT ; Mathematical Problems, Bulletin of the 
American Mathematical Society, ser. 2, vol. 8 (1902), p. 469. 


= 
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for all points (#, y) in a finite closed region S, of the (2, y)}plane, and 
for any values of x’, y’ which are not both zero. EXULER’s equation for J is 


(27) Fy —F F,(2'y" 
or 


P 4+y")'F, 

which has the properties of equation (2) in the region S,. Any two points 
P(2#,, y,) and R(x,, y,) ina region S, and such that the distance P/? is less 
than 6, can therefore be joined by an extremal ©, one of the set (24). Let € 
denote any other continuous curve of the form (3) joining ? and FR, and con- 
sisting of a finite number of pieces, each,of which has a continuously turning 
tangent. Then it is desired to prove that J., the value of J taken along € 
from P to #, is smaller than the value 7, taken along C. 

Suppose that the curve © passes through P for ¢=¢, and through 2 for 


t = t,, and in the integral 


let p and q¢ be functions of w, y defined by the equations 


in which x, and y, are kept constant and x,, y, are replaced by x, y. Then the 
value J; is independent of the curve ©. For if U’, V represent the coefficients 
of x’, y’ in the integrand respectively, the criterion for independence of path is 


that 
cy Cx 
over the whole circle of radius 6 about P.t But 
V 7 7 7 


* WEIERSTRASS, Lectures, 1879. 

7 This is HILBERT’s invariant integral for the problem in parametric representation. Com- 
pare with Oscoop, Annals of Mathematics, ser. 2, vol. 2 (1901), p. 121. The expressions 
F,, F,, ete., will be used to denote partial derivatives of F with the arguments p, q instead of 
9. 

t PICARD, Traité d’ Analyse, vol. 1, p. 85. 
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on account of (26), and therefore 


The differential equations 


dx di 


are satisfied by all the solutions (24) which pass through the point P, so that 


Pex dy 
ds? =P,P de + 

The expression (28) is the left hand side of (27) with « and y replaced by the 
functions (24) in which, furthermore, s = s,. It vanishes identically in » and y. 

Consider the difference 
Al= — I,. 
On account of (25) 


and therefore 
It follows then that 


AlT=I,— ys ps y jdt, 


where p, g and x’, y’ determine the directions of € and € respectively, and 
F.. 
According to WEIERSTRASS,* 


y, cos(X+/,), sin(X+/,)], 
where 
=p, snX=4q, 
cos(A +7) = : sin(X +/) = 


and 0=/,=S/. The function / is consequently positive at all points where 
1 + 0, and therefore AJ > 0 unless / = 0 along the curve C. 
To prove that / + 0 unless € and € coincide, suppose the contrary. Then 


* Lectures on the ca’eulus of variations, 1882. 
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y 
5 = P(*,y), = 
Ve P +4 


along the whole are PQ of ©. It follows from this equation that € has a con- 
tinuously turning tangent and solves equation (27). The curvature of € is, 
namely, from the last two equations, 


1 
= 49,9) —UPLP +P,D): 


Therefore © and © must coincide on account of the uniqueness of the solution 
determined by P and Q. 

The following theorem has been proved : 

The function F in the integral I is supposed to have the properties described 
at the beginning of § 3, when (x, y) is in a finite closed region S, of the 
(x, y)-plane and for all values of x,y’ which are not both zero. S isa 
closed region interior to S,. 

Then a positive quantity 6 can be determined such that any two points P 
and R of S, whose distance is less than 6, can be joined by one and only one 
continuous solution of Euler's equation which has a continuously turning tan- 
gent and lies entirely in a circle of radius § about the point P. This solu- 
tion gives to La smaller value than any other continuous curve which 1) joins 
P and R, 2) lies in the circle, and 3) consists of a finite number of pieces, 
each of which has a continuously turning tangent. 

If the hypothesis, /’> 0 for all values of x, y, x’, y’ such that (x, y) 
is in S, and x’, y’ are not both zero, is added, then a still stronger statement 
ean be made concerning the extremal PQ. Each one of the extremals (24) 
has a direction 7, at the point P and the set can therefore be represented in 
the form 


By reasoning similar to the preceding for equations (24), it can be shown from 
the results in $1 that these functions, together with 7’, i’, 7’, h’, are con- 


tinuous and have continuous first partial derivatives with respect to x,, ¥,, T, 
for all values of (x,, y,) in the region S, of 7, such that 


(30) 


and of s corresponding to points in the circle of radius 6 about P. 
Suppose m > 0 to be the minimum of /’ when («, 7) is in the closed region S, 


and x” + y  =1. Points on the circumference of the circle of radius 6 are 
defined by values s= 6, and consequently the value of J taken along an extremal 
from P to the circumference is = mé. It follows that if 7 satisfies 
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(31) 0 -i=mé, 


then o can be so determined for each value of 7, that 


The function o(7,, i) so defined is single-valued, continuous, and has continuous 
first partial derivatives for all values of +, and of i on the intervals (30) and 


(31) respectively. The curve 
| Yous T) )s Y= hic, y ( 


is a closed continuous curve ¢,* about the point ? and has a continuously 
turning tangent. Furthermore the extremal joining ? with any other point 
interior to ©, gives to J a value less than i. Jf & is u point within the curve 
C,,5. then the extremal PR gives I a smaller value than that given by any 
other curve © whatsoever joining P and Rin S,. For the extremal minimizes 
I with respect to all curves joining P and 7? and lying in the circle of radius 6 
about P. Any other curve © which crosses the circle must also intersect the 
curve ©,,;, and at the point of intersection the value of J will already be as 
largeasmd. Since /’ > 0, it follows that the value of Z taken along the whole 
are from P to #& must be still greater. 

It remains to show that « positive constant 6, can be found such that a circle 
of radius 8, about any point P of the region S lies within the corresponding 
curve ©,,3; that is to say, the minimizing property holds uniformly over the 
whole region S. This follows because from (18) and (32) the radius vector 


of any point on G,,,; satisfies the inequalities 
r= V md)2 V 
where V/ is the maximum of /’ in the region S,. 


An important illustration of the preceding results is furnished by the geodesic 


coordinates upon a surface. In this case the integral is 


| du\* du dv dv 
r=J VE dt nt ) 
where the surface is taken in the form 


(33) z(u,v), y=y(u,v), z2=2z(u,v), 


* These curves are the so-called ‘‘ transversals,’? KNESER, loc. cit., p. 32. 
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and £’, F’, G have the usual meaning. If in the (w, v)-region considered the 
surface has no singularities, and the functions (33) have continuous first and sec- 
ond partial derivatives, then the function under the integral sign satisfies all the 
hypotheses of § 3, and also > 0. The set of extremals (29) is the totality 
of geodesic lines through the point /:; the curves €, are the geodesic circles 
about that point; and the geodesic coordinates are 7,, i. 
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DETERMINATION OF ALL THE SUBGROUPS OF THE 


KNOWN SIMPLE GROUP OF ORDER 25920* 


LEONARD EUGENE DICKSON 
Introduction. 


The trisection of the periods of hyperelliptic functions of four periods, the 
determination of the 27 lines on a general eubie surface, and the reduction of a 
binary sextic to the canonical form 7* — U*, although apparently unrelated, 
are not essentially distinct problems from the standpoint of group-theory,} since 
each is readily reduced to the solution of an algebraic equation whose Galois 
group is the same simple group of order 25920. This equation has been shown 
to possess resolvents of degrees 27, 36, 40 (two essentially distinct ones), and 
45, but none of degree < 27. The last result was established by Jorpan + by 
an elaborate discussion based on GaLots’s theory of algebraic equations. This 
result is reéstablished in the present paper, which employs only pure group- 
theory. All the results mentioned follow from the fundamental theorem (not 
stated heretofore) that all the maximal subgroups of the simple G are con- 


648° 64s? 
ing in different notations, play a fundamental role in the memoirs of WirrineG 


25920 


jugate with or G,,,(§ 70). These five groups, appear- 


and BURKHARDT on the geometric and function-theoretic phases of the subject. 
Not only in the applications, but also in the theory of groups, the known 
simple group of order 25920 is of frequent occurrence. In the papers by 


* Presented to the Society at the Boston meeting, August 31-September 1, 1903. Received 
for publication August 25, 1903. 

t JORDAN, Traité des substitutions (1870), pp. 316-329, 365-369, 666-667 ; Comptes Rendus 
(1870), pp. 326-328, 1028 ; KLEIN, Journal de Mathématiques, ser. 4, vol. 4 (1888), pp. 
169-176 ; WITTING, Mathematische Annalen, vol. 29 (1887), pp. 157-170 ; MASCHKE, ibid., 
vol. 33 (1889), pp. 317-344 ; BURKHARDT, ibid., vol. 35 (1890), pp. 198-296 ; vol. 38 (1891), 
pp. 161-224 ; vol. 41 (1893), pp. 313-343 ; Dickson, Comptes Rendus, vol. 128 (1899), pp. 
873-5 ; Linear Groups (1901), pp. 303-7. 

t Traité, pp. 319-329. As only typical cases are there treated, much is left for the reader to 
supply ; the case d = 9 is not mentioned. 
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Wirtine, Mascuke, Kier, and BURKHARDT, it appears as a quaternary, as a 
quinary, and as a senary group of linear substitutions with numerical coefficients. 
Furthermore, it appears in the papers by JORDAN and the writer* as a quater- 
nary abelian group G.,,,,, modulo 3, as a quinary orthogonal group O,,,,, modulo 
3, as a senary hypoabelian group modulo 2, and as a quaternary hyperabelian 
group in the G#’[ 2°]. Two sets of generational relations for it have been 
given, with respectively G_,. and G,,, in the foreground.* 


Use is made of the results in the following papers by the writer: 

I. Canonical forms of quaternary abelian substitutions in an arbitrary 
Galois field, Transactions, vol. 2 (1901), pp. 103-138. 

II. On the subgroups of order a power of p in the quaternary abelian group 
in the Galois field of order p", Transactions, vol. 4 (1903), pp. 8371-386. 

Ill. The subgroups of order a power of 2 of the simple quinary orthogonal 
group in the Galois field of order p" = 81 + 3, Transactions, vol. 5 (1904), 
pp- 1-38. 

IV. Determination of all groups of binary linear substitutions with integral 
coefficients taken modulo 3 and of determinant unity, Annals of Mathe- 
matics, second series, vol. 5 (1903-4). 

V. Two systems of subgroups of the quaternary abelian group in a general 
Galois field, Bulletin of the American Mathematical Society, sec- 
ond series, vol. 10 (1904), pp. 178-184. 


To these reference will be made by the corresponding Roman numeral with a 
subscript to indicate the page. Thus III, denotes page 8 of the third paper. 

In the treatment of possible subgroups of certain orders in the interval 144—- 
1728, use is made of the papers+ by HéLpeR, Cote. Line and MILuer, in 
which is determined the simplicity or compositeness of all groups of orders 
< 2000. 

Chiefly in the duplicate proofs, use is made of the lists of all transitive sub- 
stitution-groups of a given degree, with the following reference numbers : 

Cote, 1, Bulletin of the American Mathematical Society, ser. 
1, vol. 2, (1903), pp. 250-8. 

Cote, 2. Quarterly Journal of Mathematies, vol. 27 (1895), pp. 
39-50. 

MILterR, 1, Quarterly Journal, vol. 28 (1896), pp. 193-231. 

Miuier, 2, Proceedings of the London Mathematical Society, 


vol, 28 (1897), pp. 583-544. 


* DICKSON, Proceedings of the London Mathematical Society, vol. 31 (1899), pp. 
30-68 ; vol. 32 (1900), pp. 3-10. 

t For references, see American Journal, vol. 22 (1900), p. 13. It may be noted that the 
orders 792 = 23- 3?- 11 and 1008 = 2: - 3? . 7 were overlooked by BURNSIDE. 
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3, American Journal of Mathematics, vol. 20 (1898), pp. 
229-241. 

Kuan, Manuscript list of the imprimitive groups of degree 15. 

The following table (referred to as “ the table’) gives the 114 types of non- 
conjugate subgroups, other than itself and identity, of G,,,,,, a page reference 
to their definition, the largest subgroup of G.,,,,,, in which a given subgroup is 
self-conjugate, and the number of conjugates within G' to a given type. 


Self-conj. 


Group. Def. Def. only under. 
G, III, 15 | 240 
III, H,, 270K" 120 
C, 130 40 140 G., 1296 
130 H,, 120 | 1080 
130 H,, 240 K,, 135 1080 
III, 270 135 720 
III, 405 G,, 186 1080 
III, 270 186 G,, 540 
| H,, 270 G, 186 H,, 270 
G, 139 G, 1296 III. 810 
133 G.. 360 HTL J, 810 
133 720 Ill, G,, 405 
133 720 III, G., 405 
33 G* 1080 III,, 270 
D, 133 G.. 720 K, | 187 K., 480 
133 H,,. 240 137 720 
D’ 133 720 137 H,. 240 
G. ll, G.. 135 S. 137 H,, 240 
IIT. 270 H* 187 x 720 
G III, 135 | 187 H,,, 120 
III, G, 405 | 187 Gs 720 
K. III, 810 G, | 140 G, 1296 
J. G.. 810 C, 185 G.. 360 
T. III, 1620 141 540 
C, | &, 960 Al 141 540 
160 | 142 H, 270 
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Group. | vet. | Sum 
, | 142 H,, 540 
Li, 142 540 
F,, 144 G, 360 
Fi, | 144 Gi, 360 
ed 144 90 
G II... | Gun 40 
K,, II, H,, 40 
II I, 45 
Ill, G,, 405 
Il, G,, 405 
ad 133 720 
Ky 147 H,,, 120 
H™ | 147 Gs 360 
136 G. 540 
143 fT, 270 
H, 143 H,, 270 
149 H,, 270 

| 160 Gg 270 

151 G,, 40 
K,, | 188 240 
Ki, 151 120 
I, 216 
a 153 216 
III, Goo 135 
133 G, 360 


Possible orders of subgroups of G@. 


95920 


Def. 


148 


157 


150 


157 
157 
136 
158 
130 
158 
158 
153 
153 
157 


161 
159 
131 
147 
163 
163 


163 


III, 


129 


Numb. 
conjs. 


360 
162 


1. The number of divisors of 25920=2°-3'-5 is (6+1)(44+1)(14+1)=T70.~ 


These divisors (of which 80 are < 100) are 


1,2,3,4,5,6,8,9,10, 12,15, 16,18, 20, 24, 27, 30, 32, 36, 
40, 45, 48, 54, 60, 64, 72, 80, 81, 90, 96, 108, 120, 1385, 144, 160, 
162,180, 192, 216, 240, 270, 288, 320, 324, 360, 405, 432, 480, 


540, 576, 648, 720, 810, 864, 960, 1080, 1296, 1440, 1620, 1728, 


2160, 2592, 2880, 3240, 4320, 5184, 6480, 8640, 12960, 25920. 


Trans. Am. Math. Soe. 9 


OF ORDER 
com 
G* |_| G** 
160 
90 
45 
| 45 
H,, 270 
Fass G,,, 120 
|: 40 
a... 120 
120 
216 
216 
162 
160 
Gn, 45 
Gn, 40 
120 
45 
40 
36 
45. 
40 
G2 36 
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Orders immediately excluded. 


2. THeorem. The group G contains no subgroup of one of the following 
16 orders: 15, 30, 40, 45, 90, 135, 240, 270, 405, 540, 1440, 3240, 4320, 
5184, 6480, 8640, 12960. 

By SyLow’s theorem, a group of order 15, 40, 45 or 135 contains a single 
(and hence self-conjugate) subgroup of order 5. But, within G, a I, is self- 
conjugate only under a subgroup of by Likewise, a I’,, contains 1 or 
6 conjugate [',; T’,,, contains 1 or 6 conjugate T',; T’,,, contains 1, 6, or 16; 
r,,, contains 1,6, or 36; T,,,, contains 1, 6, 16, 36, or 96; but in no case is 
the quotient of the order of the group by the number of conjugates a divisor 
of 20. 

By SyLow’s theorem, a T’,, contains 1 or 6 conjugate I’, and 1 or 10 conju- 
gate T’,. But any I, is self-conjugate in at most a I’,,; while a I’, is self-con- 
jugate only under a subgroup of order 648, 216, or 108, (by I,,, or § 5 below). 
Hence a subgroup [,, must contain 6 conjugate [, and 10 conjugate T, and 
hence at least 1 + 24 + 20 operators.* 

A T,,, contains a single [',, by SyLow’s theorem, whereas within G any I,, 
is self-conjugate only under a group of order 162 by II... 

The final six orders for subgroups are excluded since their indices under G 


are =8, while 25920 does not divide 8!. 


The subgroups of order 3. 


3. THeoreM. Within G, the cyclic subgroups of order 3 fall into 3 dis- 


tinct sets of conjugate subgroups, representatives of which are 
(1) C; =(L,,_,L£21)- 


They are self-conjugate only under G,,., H,,, and H,,., respectively. 

The theorem follows from I,,. except as to the characterization of the groups 
of order 648,216,108. The operators of G commutative with Z, , form G,, 
of II,.., while Z, , is not conjugate with its inverse by I,,,. In view of I,,;, 
the only homogeneous abelian substitutions commutative with Z, _,Z,., are 
Those transforming Z, _, Z,, into its inverse are 
V=UP,,. Hence 
(2) Hy, = 1, ={ 0,¢,7], Tr Piz}. 


Also, by I,,;, those commutative with Z,,Z,, are the U and V: while those 


transforming Z, , Z. , into its inverse are seen to be 


* Otherwise excluded since I’,, contains a cyclic C,,, HOLDER, Mathematische Annalen, 
Bd. 43-(1893), p. 412. 
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1 F22 Vie | 
0 0 Ay) =l 
(3) + a, 
Ay, Yo Boo Yoo | Yor 112 
0 0 — J 


Hence the 108 operators (3) together with those of /7,,, form * //,,,. 


103 


Conjugacies among the operators of H,,., and among those of H,,,. 


108 

4. By V?=[—k,0,c+c,—y], whence U'=J. Now U? 
if and only if the upper signs hold, namely, V=[k,0,c,y]. Hence of the 
operators U,[k, 0,c, y] is of period 3 if not the identity [0, 0, 0. 0]; 
[0,0,c,0]7Z, _, is of period 2; [k,0,c, y]7,,_, is of period 6 if k and y 
are not both = 0. The operators [/,0,c, y] are all commutative by IJ... 
Now J, and P,,7; _, transform [/, 0, c, y | into respectively 


[k,0,c,y], [y,0,¢,*], —c, y], [vy,9,—e, hk]. 
Of these four, those which are distinct form a complete set of conjugates under 
Hy,. Next, the operators of period 2 are all conjugate with 7, _,, since 7, _, 
and [0,0, —1, 0] transform [0, 0,1, 0] 7, _, into [0, 0, —1, 0] 7, _, and 
T,,_, respectively. Consider finally the operators U of period 6. Applying 
(12) of II,,., we find that [0,0, —c,0] transforms 0,c, y] _, into 
[k,0,0,7]7Z;,_,. The latter is transformed into [y,0,0,%] by Py. 

For V=[k, 9, c, .: Py, we have 


Hence V is of period 2 or 6. Those of period 2 are [—vy,9,0,7]P,, and 
[—y.9,¢,7]7Z,.P.:. The former is transformed into P,, by [0,0,0, 7], 
the latter into [0, 0, c, 0]7%,_ 8S, by [0, 0, 0, But 
[0,0, —c, 9] transforms S, into S, = P,,7,_,. The operators V of period 
6 are [k,0,c,y] 7, +749, and [4,0,¢, 7] k+y¥ and 
not both 0. The first is transformed into [4+ 7,0,90,0]7,_,P.. by 
[0,0, —c, y]; the second into [/ + 7, 0, c¢, 0] P,, by [0,0,0,y]. 
THEOREM.| The operators of H,,. are of period 1,2,3, or 6. Those 


of period 1 or 3 are [k,0,¢, y] and are commutative. Those of period 2 


* By 11,3, H.,, is the largest subgroup transforming K,” into itself. 
t For an ultimate classification, not needed here, we note that the operators of period 3 fall 
into the following distinct sets of conjugates : 


{{y:0,0,y]}, {f7,0,1,7], [y,0,—1,7]i,  {{k, 0,0, y], (7,0, 0.k] 
(Ay). 


0,1, 7], (%,0,—1, y], (y,0,1,&], Cy, 0,—1, 


The operators of period 6 are conjugate with [+1, 0, 0, 0]%,41, [+1, 0, 0, 1] %,, 
([—1, 0,0, —1]7%,-1, [+1, 0, 0, 0] Pix, or [&, 0, 1, 0] Piz, no two of which are conjugate. 
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are conjugate within H,, with T,_,, Py, 0r Py.T,_,. Those of period 6 


are conjugate within H,,, with 


5. Operator (3) is transformed by 7, _, into a similar operator with a,, 
replaced by — a,,. We therefore take a, = +1. Let first «,,=-—1. The 
resulting operator (3) is transformed by L, _,,, LZ. ,,, into 


0 1 

0 —1 0 —1 
W,=+ 

1 -y —-1 0 


It is of period 2 if and only if y=90. Now P,,7,_, transforms W, into 
W_,; while W? = [—1, 0,1, 1] is of period 3 and differs from We 
obtain therefore two reduced forms: JW, of period 2 and W, of period 6. Let 


next a,,= +1. The resulting operator (3) is transformed by L, _,,, Z.,_,,, into 


8 

8 

11 1 0 


The latter is transformed into Z, = 7; _,W, by the operator [0,0, —6, 0] 
of H,,,. Now Z?= P,.T, _,, since W, transforms 7, _, into P;,. Hence Z, 
is of period 4 in the quotient-group G. 

Consider finally the conjugacy of the operators of /7,,. under the group //,,,. 
Now transforms P,, into 7, _,. Again, W, transforms [/, 0,c¢, y] into 
ce]. Hence JW, transforms 0,0,7]/7% 
into [k+y¥, 0, k-y, kt+y]P,- The latter is transformed into 
by [9,0,0,4+ 47]. Now and k—y 
are not both 0 if /: and ¥ are not. 

TueoreM. The operators of are of period 1, 2, 3,4 or 6. Those of 
period 1 or 3 are [k,9,¢,y]. Within H,,,, those of period 2 are conjugate 
with _,, T.._, or W,; those of period 4 are conjugate with Z, = T, 
those of period 6 are conjugate with W,, [’, 0, 0,7]7,-1, or 
[+1,0,0,0]7,_,P., where k and y are not both 0. 


| 
| (5 — — Yn )- 
J 


The subgroups of order 6. 


6. THeoremM. Within G, the cyclic subgroups of order 6 fall into 4 dis- 


tinct sets of conjugate subgroups, representations of which are 
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(4) Cy = 
=(L,,: £21 = T,-1)- 
They are self-conjuygate only under Ay,, Ky, and respectively : 
| 
1 0 
| =1);, 
002 | 
9 0 8} 
(6) Py»)= 0, 0, R, = i, Tr Py 25 Ty, —1 P»)}; 
(7) Gi, = {C, CT,,_,, CD, CT,,_, D, (C ranging over CF )} , 
0 1 1 | 


£6 | 


(7,) 


The theorem follows from I,,, except as to the characterization of the groups 
of order 72, 36,24. By I,,, Z,,, Z;,_, is commutative only with the substi- 
tutions of G,,. By I,,;, Z,,, Z,,_; is not conjugate with its inverse. By 1,,,, 
L, ,L,,_,T,,_, is commutative only with [y, 9, 9, it is trans- 
formed into its inverse by P,,. Also Z, ,Z,, 7, _, is commutative only with 
[y, 9,9, y2] Z:,.,, while it is transformed into Z, , LZ, , 7, _,, the same as 
the former in the quotient-group G, by P,,. Finally, P = P,, Z, _; T;,_, is 
commutative only with its powers and their products by 7, _,, which transforms 
P into PT, _, T,,_,.. The only homogeneous substitutions transforming P into 
P- are found to be the 6 operators 


(8) 


which may be written as the products CD, C ranging over C;. 

7. THEorem. Within G, the non-cyclic groups of order 6 fall into 8 dis- 
tinct sets of conjugate subgroups, representatives of which are 
(9) Wo), Das, Dy = (Ls, Pie 
They are self-conjugate only under G,,, H,,,, A), respectively, where 


/ 
133 
D= | 
= 1} 
(0 -1 
{| 1 +1 <+1+y7 
| 0 | 0 | 
= (+1 +1+y 1-y 
0 +1 0 1 | 
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(10) G,={[k,0,c,k—c]T, Wo, 1 P2W,)}- 
The subgroups sought are dihedron G', , generated by A and B with 
(11) A’ = I, B’ = I, BAB = A. 


We may assume that A is Z,,, or L, ,L.,(§3). But L,, is 
excluded since it is not conjugate with its inverse within G'. 

The cyclic group generated by A = L, _, L,, is self-conjugate only under 
Hy, (§ 8), whose operators of period 2 are conjugate with 7, _,, Pj, or 
P,. T,,_, (§ 4). The last two transform A into A~', but 7) _, transforms A 
into itself and is excluded. 

The cyclic group generated by A= L, ,L,,, is self-conjugate only under 
H,,,, (§ 4), whose operators of period 2 are conjugate with P,, 7, _,, 7),_,, or 
W, ($5). The first two transform A into itself and are excluded, while W, 
transforms A into A~'. 

An operator which transforms )); into itself must transform the subgroup 
(LZ, _, £.,) into itself and hence belong to //,,. Moreover, it must transform 
P,, into one of the 3 operators Z,= L, _,L,,P, of period 2 in D;. Now 
U = [k, 0,¢,y] 7;,., transforms P,, into 7,,_,; while V = [4, 0, 7), Px 
transforms into Z,_,. Hence //,,, transforms into itself. 

For D;, we seek the operators of //,,, which transform /,, 7; _, into one of 
the 3 operators M,= L, _,L., Py. T,_, of period 2 in DZ. For U the con- 
ditions are c=0, t=k—~y;: for V the conditions are c=0, t=y—k. 
Hence D; is self-conjugate only under the group (6). 

For D., we seek the operators of /7,,, which transform JW, into one of the 
3 operators .V,= L,,L,, W, of period 2 in D,;. For U the conditions are 


tle¢+l,k=c+y, t= —k—y; for V the conditions are +1 = —1, 
=k-—y,t=—k-—y. For (3) the conditions are 
for the upper signs: = —1, 4, =1, — — 


for the lower signs: t,, = —1, 4, =—1, 6 = — — M3 
The resulting operators (3) are respectively 
[2s 0, %2— Yn | W,, [— 0, Px» W,. 
Hence J, is self-conjugate only under the group (10). 
The subgroups of order 12. 


8. THrorEM. Within G, every cyclic subgroup of order 12 is conjugate 
with 


(12) Ci, = (ML,,;). 


& 
é 
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The latter is self-conjugate only under the group 
(13) Ci, = (Cys A), A: &°=&,+ 7,, n, = &,—,. 


For proof, see I,,,. Note that A?7= (M,Z, ,)°=T7, _,. 
9. THEOREM. Within G, every non-cyclic commutative subgroup of order 
12 is conjugate with K,,, every dihedral subgroup of order 12 is conjugate 


with or else with where 
(14) Da=(Ci, Pu), Da= (Ci, D). 


They are self-conjugate only under G),, and G),, respectively. 


24? 

A non-cyclic commutative [,, or a dihedral contains a self-conjugate 
cyclic [, and an operator of period 2 not in the latter. By $6 we may take 
C,, Cy, or as the 

Since C’, is self-conjugate only under G_,, which contains a single operator 
_, of period 2, it is to be excluded. 
The groups Cand C” are each self-conjugate only under A’;,, which contains 


exactly 7 operators of period 2, viz., 


L,, -,L2,, P25 L,, _, 1 P 


¥ 


Since 7, _, and L, _, lie in we may limit the extender to and thus 
obtain Since 7; _, lies in we may limit the extender to L, LZ, Py». 
But ZL, , transforms the latter into /,, and transforms C’; into itself. There 
results AY, = (Cl, But _; transforms A), into since it trans- 
forms _, 7;,_, and 7), _, into the generators ?,, 1, ,L.,7.,_, and 7, _, 

Finally, Cj is self-conjugate only under G2,.. The only operators of the lat- 
ter commutative with ? = P,, L, _,7, _, are those of A),; the remaining oper- 
ators D and _, D(i=1, ---, 6) transform P into ($6), the first 
6 being of period 2 and the last 6 of period 4. 

A dihedral T,, contains a single cyclic T,. Hence 2}, is self-conjugute only 
under G,. Likewise, a substitution commutative with D;, must belong to 
Ky. But all the operators of period 2 in the latter belong to Dj,. Hence 
is self-conjugate under 

Since Aj, contains the single self-conjugate cyclic group (ZL, ,) of order 
3. an operator transforming A), into itself must belong to /7Z,,, ($3). Since 


dy, contains the single self-conjugate group 
(15) —19 | Pedy | J 


of order 4, an operator transforming A), into itself must belong to a group of 
order 96 or 64 by III, or by the table. Hence A, is transformed into itself 
by at most 24 operators. But A), is a subgroup of G, and hence self-conju- 


gate under it. 


te 
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10. THeoreM. Every subgroup simply isomorphic with the group generated 
by the two operators PR and S subject to the generational relations 
(16) = J, S* = S'*RS = 
is conjugate within G with the group 
(17) Gi. = T,,_.D, = T,-15 i= 1, 6 )}. 
Within G', is self-conjugate only under 

The self-conjugate [., may be taken to be C,, C,, C,’,or C.. Now C; and 
C,’ are self-conjugate only under A,;, which contains no operator of period 4, 
and hence are excluded. 


The group C,, is self-conjugate only under G.,. But an operator (5) is of 


period 4 if and only if 4 = 0, «a+ 6=0 (IV), when it becomes 

(18) = & = + 22 = BE, — an, (—a?— By =1). 
The I’,, must contain 6 operators of period 4 and hence contain every (18). 
But LZ, , 7 ., (18) is neither in C, nor of the form (18) if y+0, @+0. 


Hence also C’, is to be excluded. 


Finally, Cj is self-conjugate only under G),. Now P' 7, _, D and no further 
operators of G>, are of period 4, where P = P,, L, _, T, _,, since 
(P' _, DY = P,, 4 L, 
B, ;,6, P'7,_, D transforms P into P-'. Hence Gj, satisfies the conditions. 


11. THEorem. Within O, every subgroup simply isomorphic with the 
alternating group on 4 letters is conjugate with one of the two groups 
G, I, C, C3; B,, B,C f C,C, C,C,C,B, W, 
B.C,C,W?, B.C,C,W?, (i=2, 4)}, 


(20) ir, I, C,C,, C,,C,, C,C,)}- 


They are self-conjuqate only under the respective qroups 
1 


(19) 


(21) (UT ranging over G),)}, 


Hy, = (T, BU, (EE) (EEE, (E88) 


(T ranging over G,,)}. 

For the self-conjugate four-group, we may take G7, AY or 
Within O, these are self-conjugate only under G,,, H,,, #/,,, @,,, respectively. 
Hence G* is excluded. The only operators of period 3 in //,, are the last 8 
operators (20). They must therefore all occur in the group of order 12. They 
extend A’, to and to //,,, defined by (43), so that A’ is excluded. 
The only operators of period 3 in G,, are seen (see § 22) to be the last 8 oper- 


ators (19). Combined with A’;, they give G.,,. 


/ 
F 
22) 


1904] OF GROUP OF ORDER 25920 137 


12. Summary of the subgroups of order 12. All have now been determined 
since the five types * of groups of order 12 were examined in $§ 8-11. 

THEOREM. Every existing type of group of order 12 is represented among 
the subgroups of G. Within G, they fall into seven distinct sets of conju- 
gates, two of the dihedron type, two of the type of the alternating group on 
four letters, and one of each of the three remaining types. 


The subgroups of order 18. 


13. THEorEeM. The group G contains exactly seven distinct sets of conju- 
gate subgroups of order 18, representatives of which are 


2,-1)s K},=(K;, 7; -1), (KF, 
(28) Pu), (Ki 
= (KY, Gi = (AY, Wo) 


A T,, contains a single saitiadianal subgroup [’,. But within G a cyclic 
I’, is conjugate only under a by As the we may therefore take 
one of the non-cyclic groups A, A}, A,” 

The group of the operators 0, OF is -conjugate only under G,,, 
by II,,,, which exactly the 9 [0,a, 7,9] 7, _, of period 2. 
If a = 0, the latter is transformed into 7, _, by [0,9, —y, 0]: if a + 0 it is 
transformed by the substitution LZ, of G,,. into [0,2,0,0]7Z,_,. The 
latter is transformed into 7, _, by the following substitution of G,,,.: 


(24) = & — a€,, 7, =, + 


The group A; of the operators [/,0, 0,7] is self-conjugate only under 
H,,, by IL,,,. By $4 the operators of period 2 of /,,, are conjugate within 
H,,, with P,,, Py, 7, _,, or _,. Of the resulting groups G},, the 
first two each contain exactly 3 substitutions of period 2 and the third only one. 
The 3 of the first and the 3 of the second have the characteristic determinants 
(p? — 1) and (p* + 1)’, respectively. Hence no two of these three groups are 
conjugate an linear transformation. 


ya 


Ps group A,” of the operators [— 7, 0, ¢, y] is self-conjugate only under 
T,,, (see foot-note to §3). The operators of period 2 of 1/,,, are conjugate with 
or W, ($5). No two of the groups @). 
_,, or Wy, are conjugate within G. Indeed, [— 7, 9,c¢, y] W, 
is of period 2 if only if c+ y= 0, so that (A,~, contains exactly 3 


*CaYLEY, American Journal of Mathematics, vol. 11 (1889), pp. 151-3. In his 
substitution V of B4, (dj) should read (gj). In MILLER’s list, Quarterly Journal, vol. 
28 (1896), p. 255, the group 12, should have (ag) ( bh) (ci) (dj) (ek) ( fl) as the second gen- 
erator. 


= 
| 
. | 
| 
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operators of period 2, each with the characteristic determinant (p*+ 1)’. Since 
[—v,0,¢, y] Z.,_, is of period 2 if and only if y = 0, the group (A,,”, 7, _,) 
contains exactly 3 operators of period 2, each with the characteristic determi- 
nant (p?—1)*. Finally [— 7,9, ¢, y] is of period 2 for every and 
y, so that (A,", P,, 7; _,) contains exactly 9 operators of period 2. 

14. THEeoreM. Within G, the group 4K, is self-conjugate only under 


The operators of Aj, not in AY are [4,0,c,0]7Z,_,. The latter is of 
period 2 if and only if 4 = 0. The general operator (6) of II,.. in G,,, trans- 
forms 7) _, into an operator [0, 0, ¢, 0] _, ifand only if = 90, = 
provided we set a,, = +1,aswemay. The operators (6) with «,, = 0 form A,,,. 

15. Tueorem. Within G, the group Aj; is self-conjugate only under 

The only operator of period 2 in Aj; is Z,_,. It thus remains to determine 
the operators of //,,, which are commutative with 7, _,. For U of § 3, the 
condition isc = 0. For V the condition is c = 0. 

16. Within G,the group G*, is self-conjugute only under H,,.. 

The only operators of period 2 in Gj, are V,= [—t,9,0,¢] P,,. But 
Uand V of $3 transform P,, into .V,_, and N, 

17. Tueorem. Within G, the group self-conjugate only under 

The only operators of period 2 in are QY,= [—7¢,0,0,¢] PT. _,. 
Now U transforms P,, 7, _, into Q, if and only if ¢e=0, t=h—vy; while 
V transforms P,., 7, _, into Q, if and only ife =0,t=y—A4. 

18. THeorem. Within G, the group Kj, is self-conjugate only under I,,,. 

The only operators of period 2 in are [0,0,¢,0]7._,. Now 
U and V transform 7, _, into /2_., so that A’y, is certainly self-conjugate 
under //,,,. Bat 7, _, = where is of the form (3), requires = 0 


respectively. 


and is impossible. 
19. THEOREM. Within G, the group IH}, is self-conjugate only under Meus 


The 9 operators = [— 7, 9, ¢, belonging to but not to 
A’> are all of period 2 (end of $13). Now Uand V transform P,, 7, _, into 
S..,, and respectively ; while (3) transforms it into where 


CS 4% — M1) F Va? y= Ay, (= Vi2 — Yn) — (+ Yo2 — 
20. THEOREM. Within G, the group Go is self-conjugate only under 
(Gx, 


(26) 


= (Rol, We Wel. 


whose 36 operators may be exhibited in the explicit form 


iy 

t 


1904] OF GROUP OF ORDER 25920 


The only operators of period 2 in Gj; are Y,=[t,90,t, —t] W,. We 
seek the conditions under which S~' W, S = where S belongs to 7/,,,. For 
S = U, the upper signs must be taken andy = —k,t=—k—c. ForS= V, 
the lower signs must be taken and y= —/,t=c—y. For(38), S must be of 


the third type and ¢ = — ¥,, or y,, according as the upper or the lower signs hold. 


The subgroups of orders 10 and 20. 


21. A group of order 10 or 20 contains a single (self-conjugate) subgroup of 
order 5. Within G the groups of order 5 are all conjugate, and each is self- 


conjugate only under a I’, by I,,, or as shown below. 


20 


Consider the group G, generated by K of I,,... The homogeneous substitu- 


tion A’ is of period 10 since A°’=7, _,7, _,. The corresponding operator in 
the quotient-group G is of period 5. Within G, A, A’, A® and A‘ are all 


conjugate, there being a single set of conjugate operators of period 5 by I,,,. 


The conditions for AS = SA°’T, _, 7, _, in the homogeneous group are seen to 
require that 
S+y+6 
—a+B—6 
The abelian conditions on S then reduce to 
—aB—ay— = 1, 
— 8 + a8 — ay — + 78 + 08 + By =O. 


If a = 0, we find by addition that 6 + 88+ Sy=1. Since 6 = 0 is excluded, 
we may set 6 = + 1, placing the ambiguity in sign before the matrix. From 


139 
Vu 0 | Ne | 
1 0 0 0 oO -1 | 
| 9 Vie 1 1 Vie 0 Yo2 | 
lo o 1 0 90 | 
(27) 
1 Vi +1 
q | 0-1 0 +1 | 
— Nhe Vn | 
| o+1 1/ 
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it follows that y+ 1lor0. With y= —1, 8 =0 or 1, giving respectively 
f 0 1} 0 1 1 


| 
0 1 —1 1 0 
S=+ 
—1 -1 -1 0 0 0 
1 1 | 


0 1 0) 
If a =1,then(8, 7,6)=(—1,9,0),(—1,1, 0). or (9, 0, — 1), giving 


respectively 


4 «al —1) | 1 1 01 
0 1 0 | | 1| 
S, = + + | 
o 1 1] | 1 1 0 
0} 
1 
lo 


The five S, are of period 4 and no one equals the inverse of another, their 
squares being distinct. Hence G, is self-conjugate only under 


(28) G,, = Si, (4, (= 1, 2, 3) 
It contains a single subgroup of order 10: 
(29) G,, = {K', (i,¢m1,---,5)}. 


THEOREM.* A subgroup of order 10 or 20 is conjugate within G with G,, 
or G,,, respectively. The latter are self-conjugate only under G,,. 


The subgroups of order 24, 


22. The single + type of group of order 24 which does not contain a subgroup 
of order 12 is considered in $30. Consider here the I°,, which have a (self- 
conjugate) subgroup [’,,. The 7 distinct sets of conjugate [',, in G are repre- 
sented by C,,, Ay, Diz, Dizs Gs Ge, Gio; they are self-conjugate only under 
Gy, Ky, Gy, Gi, Gy, Hy, vespectively ($$ 8-11). Hence is ex- 
cluded, while each of the groups C,,, A),. Dj,, and Gj, leads to a single T,,. 


* Compare *’>: -orresponding investigation on the orthogonal form O, § 46. 
+ MILLER, Quarterly Journal, vol. 28 (1896), p. 274. 


9 
4 
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We next determine the I’,, which contain G,,._ The 8 operators of period 
3 in G,, are the last 8 operators (19). Their products by C, C,, C, C, evidently 
give the 8 operators of period 6, viz., 
(30) B.C,C,W, B.C,C,W?, B.C,C,W? 
The 19 operators of period 2 are 
CC,, B.. BLC,C,, C,C,, C,C, C iC, 
(31) O,0,, C,0,, €,€, 
CC BW, COB W, CC C,C,3B,W* 


The 12 operators of period 4 are 
B,C,C,, BLCC,, B C,C, W?, B Ce. Ww?, 

(i 
BC,C,W, B.C,C,.W, 


(32 


Now C,C,, C,C, and CC, extend G‘,, to the respective groups 
C,C,T, €,C,T, C,C,C,C,T B,, B,W, 
CL,W?, B.C,C,W*, B,C,C,W*, B,C,C,W? (i= 2, 4) 

r, OCF, ¥*, 3.0.0, 

CCB.W, C,C, BW, C,C,B,W, C,C,C,C, BW, 

C,.C,B,W?, C,C,B,W?, C,C,B,W? 


(34) L, 


r, CCT. CCYr, C,C,7, B,C,C,W?, B,C,C,W?, 
C.C,B,W, C,C,B,W, C,C,B,W, C,C,C,C,B,W, 
C.C,B.W?, C,C,B,W? 


4~0 
where in (34) and (35), T= J, B,; i= 2,4. Now all the operators (31) oc- 
cur in these three groups; all the operators (32) occur in the last two groups. 
No two of the three groups are conjugate within O since * G}, contains G; 
self-conjugately, while Z,, contains three groups conjugate with L,, and 7,, 


three groups conjugate with Z;¢ 
To determine the ’,, which contain G|,, we note that the operators of period 


2 in H,, are those of (,, together with 
(36) (C =I, C,C;, C,C,, GC, C3 7, s=2, 4, 5). 
Those of period 4 are given when C' ranges over the remaining 12 operators of G,,,. 


Now C,C,, C,C,, C,C,, B, and CCB, extend G, to the respective groups. 


* There are exactly 7 operators of period 2 in G}, and 9 in each L,, and T;,. 


9g 
1,3;j=2,4). 
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Gy = {T, 
G,, r, 
C,C,, iC, C,C C,C,, C,C,, C,C,)}; 
Ly, = VB, 8.85). 85) (8.85), 
(T= TJ, C,C,, C,C,, C,C,)}. 


(41) 0,0,,C,0,, 0,0, 


(37) 


(38) 


(40) 


All the operators (36) lie in these five groups. Of the operators of period 4, 
the square of CB, is C,C,if C= C,C,, C,C,, C,C, or C,C,; the square of 

C(€,&,)(€&,) is C, C, if C=C C., C C., C,C, or C,C,; the square of 
C(€,&,)(€,&,) is C, C, if C= C,C,, C. C, C,C, or C,C,. But these 12 
operators of period 4, whose squares idee to G,, and hence extend G), toa 
I’,,, belong to the groups (40) and (41). The squares of the remaining opera- 
tors of period 4 in H7,, do not belong to G;, and hence such an operator of 
period 4 extends to a Finally, all the substitutions &,&,&,)*', 
ranging over G,,, of period 3 or 6 in H/,, belong to the groups (37)-(39). 

Now B, transforms (39) into (38) ; C, C,, transforms (41) into (40). 

23. THeorEeM. Within G, the group C,, is self-conjugate only under G,,. 

The group C,, defined by (14) is the direct product of the eyclic group 

C,=(L,,,) by a group I, affecting only &, and »,. By IV the latter is com- 
posed of the identity, one operator 7: _, of period 2, and 6 operators of period 
4. Hence C,, contains a single cyclic subgroup C. But the latter is self- 
conjugate oul under G.,, the direct product of C, and a binary group I,, 
having [’, as a self-conjugate subgroup. Note that I, is of the type Fy’. 

24. THeoremM. Within G, the group G,, 
itself. 

Of the operators of G,, every _,D is of period 4; P,P’, PT, _,, 
P°T, _,, P?T,,_, and _, are of period 6; and are of period 3 : 


PR... PD  (i=e,1,---,5), 


is self-conjugate only under 


are of period 2. Hence G}, contains exactly 3 cyclic subgroups of order 6, 
C,=(P), Ci=(P*T,_,), and(PT,_,). The latter is transformed into 
C; by D, which transforms P into P-', and 7, _, into P*7,_,. Now 
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Cz and Cj are not conjugate under G ($6). Hence an operator of G which 
transforms G>, into itself must transform C% into itself and hence belong to 
($6). 

25. TueoreM. Within O, the group G3, is self-conjugate only under G,,. 

The only subgroup of order 8 of G}, is G? ($22). The latter is self-conju- 
gate only under =(G,,, W) by III,,. Now B,, C, C,and B,C, C, trans- 
form B,W into C,C,W, B,W and C,C,B,W, respectively, none of which 
belong to G},. Hence the product of any operator of G,. (which transforms 
G3, into itself by §22) by B,, C,C, or B,C,C, does not transform G}, into 
itself. But ['C,C,,TB,, [B,C\C,, where ranges over give all the 
operators of G,, not in 

26. THrorEM. Within O, L,, and T,, are self-conjugate only under G,.. 

The group L,, contains exactly 3 conjugate subgroups of order 8, one of 
which is Z,. The latter is self-conjugate only under G, by II,;. Hence at 
most 3-16 operators of O transform ZL,, into itself. But L,, is a subgroup of 
G,,. The proof for 7,, follows by replacing L,,, L, by 7,,, 7,. 
27. TueorEeM. Within O, the group G%, is self-conjugate only under H,,. 

Indeed, by III,,, the self-conjugate subgroup G'{ of G‘), is self-conjugate only 
under /7,,. 

28. THeorEM. Within O, the group L}, is self-conjugate only under * 


(42) Gis = } - 


The group Z}, defined by (40) contains 9 operators of period 2 and hence 3 
subgroups of order 8. Now B, transforms L>, into { L,, (&,&&)}. But L, 
is self-conjugate only under G), by ILJ,,. Now C,C,, which extends L, to 
transforms and (&,&,&,) each into itself. Hence { L,, (&,&&,)} is 
self-conjugate only under { G,,, (&,&,&,) }, which is transformed into (42) by B,. 

29. THEorEM. Within O, the group G.,, is self-conjugate only under 


(43) = Gy, 
The group G,, defined by (38) is transformed by ( &, &,) ( &,&,) into 
(44) i G,, g, ) 


Now G, is self-conjugate only under G,,, by III,,. But the only even substi- 
tutions on £,, &,, &,, &, which transform into itself the cyclic group generated 
by (£,&,&,) are the powers of the latter. Hence (44) is self-conjugate only 
under the group { G,,, (&,&,&,) } oforder48. Transforming it by ( &, &,)(&, &,), 
we obtain //,,. 


* We readily see that the order of (42) is 48 and that it is a subgroup of H4,. 
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30. THeorem. Within O, a subgroup simply isomorphic with the group of 
order 24 generated by four operators subject to the generational relations 


A=J, BP=A*, O=T, C *AC=B, C'"BC=AB 


is conjugate with one of the three groups 


(45) F Fi=(F",W}, 


a4 


As the subgroup generated by A and B we may take FP". Now (€,&,&,), : 
W, and each B-, transform F.” into itself. But (&,&,&,), (&,&&,), and B, 
transform B,C,C, into B,C,C,, B,C,C,, and B,C,C,, respectively ; B, trans- 
forms B,C,C, into B,C,C,; B, transforms B,C, C, into B,C,C,. Hence we 
may take A= B,C,C,. Next, B, is commutative with B,C,C,, and trans- 
forms B,C,C, and B,C,C, into B,C,C, and B,C,C,, respectively. Hence we 
may take B= B,C\C, or B,C\C,. Since F,” is self-conjugate, C’ must leave 
fixed (III,,). 

For B= B,C,C,, the conditions AC = CB and BC = CAB give 


Gy, Ais Be 0 
| 
— — 0 | 
0 0 0 0 1 


subject to the single condition + a°7,4+a7,=1. If one of the is 


12 


= 0, then three are, the resulting substitutions of period 3 being 


(&, £,&,)C,C;, g, E,E,)C,C,, (€,€,8,) 
But B,C\C,, B,C,C,, B,C,C,, which transform into itself, transform 
) into g, ( g, )C,C,, ( )C,C,. 


Let next each a, + 0 in C’. The conditions for C? = C— are 
=1—4,,4,,— %,%,, — 4,4, + + 
Eliminating «,, from the last three, we get 


(%,%,—1)(4,+1)=0. 


If = 1, the conditions give merely = %,,,%,,= If a, = —1, they 
reduce to The resultant operators are 
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f @ a faa, 4 4, 
0 0 0 0 0 06 


a, +1)( T 1)=0]. 


Call them C,,, and C,, ,,, respectively. Now C_,_,= IW, so that we have the 
group (F,", W). Next C_,,=C,0,WC,C,, which C,C, transforms into 
WB,C,C,, an operator of (72, W). Again, C,_, = C,C,WC,C,, which 
C,C, transforms into W2B,C,C,, an operator of (F,", W). But W trans- 
forms F,” into itself and C._,, into C,_,. Finally, = W’(&,&,&,). 

For B= B,C,C,, the conditions A C’=C" B and BC'= give 


a, 2, 0 | 
| 
0 0 0 0 1! 


subject to the single condition a7, + a7, + a°,+ a =1. If one of the a, 
is = 0, then three are, the resulting substitutions of period 3 being 


But the last three are the transforms of (£, &,&,) by B,C, C,, B,C,C,, B,C,C,, 
respectively. The resulting group [( 7’, (&,&,&, )] is transformed into ye 


by B,. 


Let next each a,,+ 0 in C’. The conditions for C’°-=C’~ are 


1 


Eliminating a,, from the last three, we get 

(4,,4,,—1 1—a,,) =0, (4,,%,+1 1+<,, )= 0, ( 1+2,,) 0. 
If a,, = 1, the conditions reduce to ( +1)(2,,+1)=0 and 
If a,, = —1, they reduce to 4,,= %,,. %,,=%,,. The resulting operators are 


Trans. Am. Math. Soc. 10 


—— 
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a a-—-1l a4 0 a,%, a, 1 a, 0 
a 1 0 4, ut 
0 oO 1 0 0 0 0 1 


[(m+1)(a,+1)=0]. 


Call them and respectively. Now W transforms into 


B,C,C,, which belongs to Next, W°C,C, 
CC, transforms into B,C,C,W*, an operator of F’),. Next, C_, _, equals 
W*B,C,C,C,C,, which C,C, transforms into W*. Again, C{_, equals 
W*B,C,C,, which belongs to /,,._ Finally, 


, which 


= W*B.C,C,, 


which is transformed by CC, into B,C,C,W*, an operator of F’,. 

Each of these three contains /””” self-conjugately and hence a single subgroup 
of order 8. Hence a group which transforms one of them into itself must trans- 
form F’.” into itself and therefore leave £, fixed. An operator of the latter is 
of the form WJ, where J belongs to /,,, merely permuting &, &, &, &. 
Hence it cannot transform JW into an operator of F’,,. Hence /’,, and /’}, are 
not conjugate. 

31. THeoremM. Within O, F,, and F’), ave self-conjugate only under 


Since (&,&,&,) and W are commutative, while each transforms /’”’ into itself, 
the groups /’,, and F’), are each self-conjugate under G-,. 

To show that there are no further operators transforming F’,, into itself, we 
note that C,C, and C,C,, C,C,and C,C,, C,C,and C,C,, transform (€, &, ) 
into &.)C,C,, (€&,& )C,C,, (€&,&,)C,C,, respectively, while B, trans- 
forms (&,&,&), C,C,, C,C,, C,C, into (&,&,&,), C,|C,, C,C,, C,C,, respec- 
tively. Hence C,C,B, and C,C,B, transform into (& &,&,)C,C,, 
while no other C,C,B, transforms (£,&,&,) into an operator of F,,. Now 
C,C,B, = B,C,C, and ( 1C,B, = B,C,C, belong to F’’. In this way it may 
be verified that every operator LC, where / is an even permutation of 


—,, &,, &,, &, and C is a product of an even number of the C,, must belong to 
F’,, if it transforms (&,&,&,) into an operator of /’,,. 


24 
To show that there are no operators other than those of G!, which transform 


F’,, into itself, we note that B, and B, transform W into B,C,C,W and 
L,C,C,W, respectively, neither of which occurs in /’),. But B, extends 


} 
| 
| | 
| | 
| | 
| 
J 
4 
| 
4 
4 
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F’*’ to a group of order 16, which B, extends to G 
self-conjugate only under a group of order } - 288. 
32. THEorEM. Within O, the group F%, is self-conjugate only under 


In view of (47), F;, is 


24 


Now F’), is self-conjugate under G.,. Moreover, B, and £, transform 
W into B,C,C, and B,C,C,( W, respectively, each 
belonging to F’},. But B, and B, extend F’”’ to G,,. 


The subgroups of order 36. 


33. THEOREM. Within G, the subgroups of order 36 are conjugate with 
one of the four: K,., 


(48) T...W.). 


A I’, contains either a I’,, or else a [’,, of the non-cyclic commutative type.* 
Within G, the latter is self-conjugate only under a T’,, ($9). Hence a sub- 
group T., of G contains a T,,. For the latter we may take one of the 7 
groups (23). But A, is self-conjugate only under A,, (§ 14) and hence is 
excluded. The group Gy, leads to G7, only ($ 20), while A. and /7,? lead to 
only (§ 15, § 17). 

Next, and are self-conjugate only under /7,,. ($16, $18). The 
operators which extend one of these [',, to a subgroup I’,, may be limited to 
the operators of period 2 of //,,. or to those of period 6 whose squares belong 
to I',,. The former are conjugate within //,,, with P,,, 
Since P,, belongs to Gj,, there results a single T,,,: 


(Gis, = (4G, Pu, Tr 1) = As 


36.° 


Since 7, _, belongs to there results only P;.)= Consider 
next the operators of period 6 of /7,,. given at the end of $4. Their squares are 
[—k,90,0,—y], [+1,.0,0,+1],and [4,0, respectively. The 
first two of these belong to G;,, while the third does only wheny=0. The 
resulting operators of period 6 are [4,0,0,7] 7. [+1,0,0,0]7, 
and [+1, 0, 0, 0]P,,.; they either belong to G, or extend it to 
(Gis, To.) = Ay;. The only ones of the above squares which belong to 
are [y, 9,9, —y] and [0,0, —y,0]. The 
resulting operators of period 6 are [— 7, 0,0, 7] Z,,_, and [0, 0, 7, 0] Py, 
where y + 0, the first belonging to A 
P,) = Ky. 

Finally H. is self-conjugate only under /7,,, ($19). The operators of 
period 2 of H/,,, are conjugate within it with P,, 7, _,, T>,_, or W, (§ 5), the 


and the second extending it to 


18 


* MILLER, Quarterly Journal, vol. 28 (1896), p. 283. 


P| 
if 
4 
4 
4 
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first belonging to /7*., the second and third extending 7. to AY, and G7. 
The operators of period 4 are conjugate with 7, _, W, (§ 5), which extends 77; 
to The operators of period 6 are conjugate with W,, [4,0,0, 7] 
or [+1, 0, 0, 0]7,_, Py. ($5). Their squares are [—1, 0, 1, 1], 
[—k,0,—y], [+1, 0,0, +1], the last not belonging to and the 
second belonging to it only when K=—vy. The resulting operators 
W,=[1, 9, —1, —1]W, and [—y, 0, 0, y]T7;_, extend Hy to 
(Hy, W,) = and ( H T,,_,) = KX, respectively. 

34. THeoremM. Within G, the group K;, is self-conjugate only under itself. 

Since A,” is a subgroup of //,,., under which is self-conjugate, is 
the only group of order 9 contained in A,;, by SyLow’s theorem. Hence A,; 
is self-conjugate only under a subgroup of H,,,. Since [0,0,1,0] ex- 
tends A’; to A,,, it extends A,; to H,; but it transforms 7, _, into 
[0,0,1,0] 7, _,, which is not in A;;. 

35. Tueorem. Within G, the group K 3 is self-conjugate only under H,,,. 

Since A’ 3; is a subgroup of /7/,,,, the largest group in which A’ >" is self-con- 
jugate, A’; is the only group of order 9in A’3;. Hence A 3; is self-conjugate 
only under //,,, or a subgroup of it. Now [1,0,0,0] extends Ay; to Wyo, 
and transforms P,, into [—1,0,0,1]P,,, which belongs to Ay. Also, 
W, extends //,,, to /7,,, and transforms P,, into 7, _,. Hence A’ 3; is certainly 
self-conjugate under /7/,,,. 

36. THeoremM. Within G, the group G3, is self-conjugate only under 


(49) = (Cn. Pas We)- 


As in the preceding section, Gy, is self-conjugate only under a subgroup of 
H,,,.. Now P,. transforms W, into W, 7, _,P,.and hence extends G3; to a 
group of order 72. Now [1, 0,9, 0], which extends this Gt, to //,,,, trans- 
forms JW, into [0,0, 1,1] W,, which does not lie in 

37. TueoremM. Within G, the group H°; is self-conjugate only under G23. 

As in $35, 775 is self-conjugate only under a subgroup of 7/,,,. Now W,, 
which extends //,,, to //,,,, transforms 7, _, W, into its inverse W,7), _,. 
Hence //,; is certainly self-conjugate under (7%, W,)= Gz. The latter 
is extended to #,,, by [1,9,0,9], which transforms 7, _,W, into 
T,_,[9, 0, 1, 1] W, (§ 36). The latter equals [0, 0, -—1,1]7,_,W, 
and is not in // 5; since [0,0, —1, 1] is not in AS. 

38. THEorREM. .Vo two of the groups K,,, A 3, Gy, H% are conjugate 
within G. 

For the first three groups, the result follows from $$34-36. Neither A; 


nor A’3; contains operators of period 4, being subgroups of //,,, ($4). The 
same is true for G3; since (A'S, P,, _,) = Hj; and W,) = Gy have 


no operators of period 4, while 


4 
a 
i 
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0 
[-—7,9,¢,7] i = | 
| 1 1 


is not of the form (3) if a,,= +1 and hence is not of period 4 ($5). But 
Hy; contains 7, _, W,, of period 4. 


The subgroups of order 48. 


39. It is first shown that erery subgroup T,. contains a T,,. AT. not con- 
J 4s 24 45 
taining a T’,, has * 16 cyclic I’, and hence a self-conjugate [’,,. The latter may 
be taken to be G,. or F.. by III. For T,. = G,.,T.. is a subgroup of G,.. and 
16 16 ~« 16 16 48 f=] 960 
hence is conjugate with /,, of § 29, which contains the substitution ( &, & &)C,C, 
of period 6. For T,.= F’..T.. isa subgroup of G,.. Since G,. contains at 
16 16 45 96 
most 16 conjugate [,, all of them must belong to [,... Hence the latter is 
J 3 5 is 

W(&,&,&,)', which contains W(£,&,&,) B, of period 12, its cube being 
B,C,C,. 

We consider in turn for [’,, the types of non-conjugate subgroups of order 24. 

24 

Now C,,, F,,, and are excluded, being self-conjugate only under G,, 
G:,, Giz, and G%,, respectively. Again, G2,, L., and 7, lead only to G,,; 
G,, leads only to H7,,; L}, leads only to 

The group G2’ is self-conjugate only under 7... The operators of period 2 

5 24 J y 
belonging to /7,. but not to G’’ are given by (56) and 


(50) C, C, C, C, C;. C,C;, C,C,. 


Any one of the set (36) extends Gj; to Gj’, given by (42); any one of the set 
(50) extends G'}’ to H,,, given by (43). Next, C(&,&,)(& &), where C ranges 
over the operators of G,, other than J, C,C,, C_C,, C,C,C.C.,, give the oper- 
ators of period 4 of H/,,. Their squares all belong to G);. Now C,C,B, ex- 
tends to 

composed of the substitutions of and =(&,&,)(€,&), 
where = ranges over the set (50). It contains all the CB, of period 4 except 
C,C,B,, C,C,B,, C,C,B,, C,C,B,, each of which extends G, to 
(G),, B,)= Gj,; it contains all the C(&,&,)(&,&,) of period 4 except for 
C= C,C,, C,C,, C,C,, C,C,; while, for these, C(, &,)(&,&,) extends G7, to 
G',,; likewise for the C(&,&,)(&,&,). Finally, the operators of period 6 of /,, 
are the '(&,&,&,)*', where I" ranges over the operators of G,, other than J, 


* MILLER, Quarterly Journal, vol. 30 (1899), p. 245. 
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C,C,, C,C,, C,C,, which furnish operators of period 3 belonging to G%,. 
Hence the squares of those of period 6 belong to Gj,. Any 2(&,&,&,)*', 
where > is one of the operators (50), extends G'), to /7,,; the remaining ones 
belong to 

Finally, 7, is self-conjugate only under G,,,. To the latter corresponds 
(Linear Groups, § 189), the abelian group 


| ab9oO do | 
(62) ad —be =1 

} 

0 « 


since the second compound of the general operator (52) leaves Y, and Y,,, un- 
altered. By IV the binary group I, has a single set of conjugate subgroups 
of each of orders 2, 3, 4, 6, 8, but no group of order 12. Hence every sub- 
group of order 48 of (52) is conjugate with +(T,, l',,). Hence if a subgroup 
of G,,, is of order 48 and contains /’;, it is conjugate with 


The subgroups of order 48 are conjugate with Gos or 
40. Turorem. Within O, the group G.,, is self-conjugate only under itself. 
An operator which transforms G’,. into itself must transform its 3 subgroups 
of order 16 amongst themselves. By III,., G), is self-conjugate within O only 
under C\C,}. Now C,C, transforms 2,W into WC,C,C,C,, 
which does not belong to G,,.. 
41. Tueorem. Within O, the group I, is self-conjugate only under I,,. 
By III, bottom of p. 20, //,, is self-conjugate only under a subgroup of G, 
But the only even substitutions on &,, ---,& which transform ( &,&, &,) into itself 
or its inverse are the powers of (&,& and 
42. Turorem. Within O, the group’G is self-conjugate only under I1,,. 
By the foot-note to § 28, G{ 


960° 


is a subgroup of //,,. Now Gis one of 3 
conjugates under @;. and is self-conjugate only under a subgroup I’, of O. 
43. Tueorem. Within O, the group 
By the method of § 42, the proof follows from § 39. 
44. TueoreM. Within O, the group F’,, is self-conjugate only under 


is self-conjugate only under I,,. 


(54) G = W, ranging over Gy) }. 


7 


Indeed, /’,, is self-conjugate under /’,,, 
only under G,, by II],,. For another proof, see end of § 39. 


while within O it is self-conjugate 


| 
| 
# 
* 
q 
4 
| 
| 
| 
4 
FY 
{ 
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The subgroups of order 54. 


45. TuHeorem. Within G, the groups of order 54 fall into 3 distinct sets 


of conjugate subgroups. As representatives, we may take 
(55) Gs. = (Guz, 1)» = = (AY, PT, )- 


They are self-conjugate only under the respective groups G',,., H,., H,,- 

A group of order 54 contains a self-conjugate group of order 27. The 
latter may be assumed to be //,, A, or G,,, which are self-conjugate within 
G only under G,,, //,,,, G;,,, respectively (II, pp. 8378-380). Hence //,, is 


648 648? 
excluded. 

The only operators of period 2 in G,,, are [0, a, c, 0]7,_,, as shown 
directly or by § 50. Each is therefore (§ 13) conjugate with 7, _, within G,,,, 
which has G’,,, as a subgroup. 

In order that the general operator (19) of II... in //,,. shall equal its inverse 


or S-'T, _, 7, _,, the conditions are, respectively, 
a, = 6 = 6,5, =6.,, 8, = Yo = = 9, Ne = — Yn 


a =—d 


= — Va = Nee 
In the first case, the abelian conditions (see (19) of II...) give 


so that the substitutions of period 2 are 


| 1 0 My ‘he | 1 0 0 Ne | 
| 
| 0 1 0 0 | | 0 1 0 é, | 
9 —1 0 5, —1 0 |” 
| | | 
0 0 1 Tas | 
0 0 0 
| 
0 1 0 Q 


The first is transformed into a like substitution = with 2,, = 0 by 


A,,,: = §, 1, = 
which belongs to //,,,; while > is transformed into 7), _, by 


likewise in //,,,. Transforming the second by A,,, we obtain one of the third 


| 

| 

4 
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type. The third type is transformed into P,, by Z, ,,,, which belongs to //,,,. 
But /7,,, contains Z, ($5) which transforms P,, into 7. _;, identical with 7, _, 
in the quotient-group. 

In the second case, the abelian conditions give 


— ai, + = — + %,) 8, =(2,+4,)=0, 


so that the substitutions of period 2 are 


Yin Viz | 
O —4, 0 
+ | + = 9) 
Te Y22 | 
L 0 0 | 
Transforming by A_,,,;,,, we obtain a similar substitution with «,, = 0. Trans- 
forming the latter by B,, ,,,, we obtain a similar substitution with «,, = y,, = 0. 
Transforming by the substitution | iene of H,,., we have also y,, = 0. Hence 
Y» = 9. so that the final substitution is P » _,. Sinee the latter has the 


characteristic determinant (p* + 1)’, while the only operators of period 2 in A,,, 
[0,0,¢,0]7Z,_,, have the characteristic determinant 1)’, the 
resulting groups A’, and A’, are not conjugate. 

To find the largest weap in which A‘;, is self-conjugate, we seek the opera- 
tors (19) of II... which transform P,, 7, _, into one of the 9 operators 
[—v,9,¢,7]P1.T7:,_, of period 2. The conditions are 


+ Sn Viz — = Vu Y22° 


The latter serve merely to determine ¢ and y uniquely, since the determinant 
5 + & will be seen to be + 0. The abelian conditions reduce to 


+ = 1, a,,8,,— %,5,. = 0, + Vor F Ne = 


For «, =9, then 4,=6,, 6,=9, %=—%- For = 1, either 


11 12 12 Oy 


= 6 =0,6,=1,0r 4,=2+1,6,=+1,6,=—1. The resulting 


12 


group is /7, 


216 


For A,, we s veal the operators (19) of II... which transform 7. _, into one of 


380 


the operators [0,0,c, 0] 7. _, of period 2. The conditions are 


a,=4, =6,=6,=90, Vio = 06,55 Yo, = 6 


11? 


ll 
= 


Yn = C8195 


according as the upper or lower signs are taken. In the first case, the abelian 
conditions reduce to 2,,6,, = 1, 2,,6,, = 1, the resulting substitutions being the 


| 
| 
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U of §3. In the second case, the abelian conditions reduce to 2,,6,,=1, 
4,6, = 1, the resulting substitutions being the V of §3. The U al the V 
form /7,,,. 


The subgroups of order 60. 
46. TueoremM. The subgroups of order 60 of O fall into tivo distinct sets 
of conjugates, represented by of III, and which are sel f-conjugate * 
only under G',,, and respectively, where t 


Q and & being respectively 


0 -1 1 


| 
2 J | 


Since no subgroup of order a divisor of < 60 of 60 is self-conjugate in a I, 
by the earlier results (see the table), a subgroup I’,, must be simple and hence 
simply isomorphic with the alternating group G2) on 5 letters. t 

Within O, all the operators of period 5 are conjugate by 1. Hence we may 
contains the linear substitution A = &). The cyclic 
group G'‘, generated by it is seen (§ 21) to be self-conjugate only under 


assume that I 


60 


(68) Gi, = {A, 2} = = 0,1, 2, 8, 4)}. 
Since =* = ( & &,)(&,&,), the only operators of period 2 in G}, are 


(€, (€,&,)(€8), (€,8,)(€&,). 


which are transformed into each other transitively by the powers of A. They 


belong to I’, since it contains 5 operators of period 2 which transform G’, into 


60 


itself. Now I°,, is simply isomorphic with the abstract group generated by A, 
and B where 


(59) B=(A, BY 


*Cf. Proceedings of the London vol. 31 (1 

t Note that = = W*( ) W? 
so that = and Q belong to O. 

t To give another proof, a I',, contains 1 or 6 conjugate ;. ButaT’; is self-conjugate only 
uuder a l’,, within 0. Hence a subgroup I, contains 6 conjugate I; and i is simply isomorphic 
with Gj (BURNSIDE, The Theory of Groups, pp. 107-108). 


3. 


& 


154 L. E. DICKSON: DETERMINATION OF SUBGROUPS [April 


These relations are satisfied when A, =A, B=(E&,&,)(&,&,), whence 
(&,&,)( €,&,) B becomes ( &,)(&,&,) of period 2. Hence the normalized I,,, 
which contains A and (&, &,)(&,&,), may be generated by A and a substitution 
B such that B, (&,&,)(&,&,) B and AB are of periods 2, 2 and 3, respectively. 
Now the condition that an orthogonal substitution shall be of period 2 is that its 
matrix be symmetrical with respect to the main diagonal. Hence B and 


(€,&,)(€&,) B are both of period 2 if and only if 


1%, a, | 

| Bin Ay, | 

| & 


15 25 25 15 5. 
The orthogonal conditions on the 1st and 4th rows, 2d and 3d rows, give 
The orthogonal condition on the last row gives 2°. — «°. — a7. = 1, whence 
or a,,.20,4,+0, 


In the first case, we find that 


| 0 +1 | | 

| | 

| | 

| “is 0 | | 

Equating these when the lower signs are taken, we get 2,,=90, %,,=—%,,, 
a,, = 0, a,%, =1, which are contradictory since —1 is a quadratie non- 


residue of 3. For the upper signs, 


a,=0,4,=2 12 


la 


Hence 27, — = 0, so that = 0. Hence 


B = (&,&,)(&&,) or 


The latter is excluded since its product by (£,&,&,&,&) on the left is not of 
period 3. 
In the second case (2,, = 0), we equate the coefficients in the first and fifth 


rows of the matrices for (AB)~' and (APB), and get 


) 
{ 

% 

* 

| 

4 

Z| 

| 

| 

° 

i 
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From the first, third and fourth it follows that 
Eliminating 15 %5 %, from the second condition of the preceding set and 


from the first relation (60), we get, respectively, 


( %, — \+ — 1 )+ 1 +%,— 4%, = 0. 
Eliminating ?,, we get (a,,+ %,,)(%,+1)=0. If a, =— 1, the second 
becomes 

— 4,,) + — %, =O. 
By trial, «,, is neither 0 nor —1. Hence a,,=1, 4,,=1. Then a,=—1, 
a, =—1,4,=90. The last four of the above set of 9 conditions then reduce 
to 4,,=4,,= —1. But the resulting substitution AB is not of period 38. 
Hence must +1, «,=—a,,. Hence a,,=+1, 4,=—1. Then 
a,=—1,4,=—1,2,,=0. The last four of the above set of 9 conditions 
then reduce to a,,+ 4,,=—1. For these values of Bing the necessary and suf- 


ficient condition that A@ shall have period 3 is a,, = 0. The resulting substi- 
tution 2 is Y given by (57). 

Since G, is self-conjugate only under G,,, while I’,, contains but 6 conjugate 
groups of order 5, it follows that at most 120 operators of O transform I,, into 
itself. That G,, is self-conjugate under G,,, follows from the fact that >, an 
operator of period 4 defined by (57), transforms (& &,&,& &) into its square, 
and (& &,)(&,&,) into (&,&,)(&&,). That G;, is self-conjugate under fol- 
lows sirice transforms @ into (& & ), an operator of G;,. 

Finally, G,, and G{, are not conjugate within O. If an operator 7’ of O 
and any subgroup G: of G;, into G, and if S be one 
of the existing operators of , into itself and into 
G,, then transforms G, into itself and into G,. Hence 


belongs to G,,,a subgroup of Hence belongs to and transforms 


into G, 


transforms G, 


which transforms 


G,, into itself, contrary to hypothesis. 


The subgroups of order 72. 
47. Every I, contains 1 or 4 conjugate T,. If aI’, is self-conjugate, the 
quotient-group I_,/I’, is a group of order 8 having a subgroup of order 4, so 


i 
| 
4 
i 
4 
4 
a 
4 
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that I’., has a subgroup of order 36. Let next I, be one of 4 conjugate sub- 
groups of I... The group P, which transforms into itself each of the four is 
self-conjugate under I., and g is a divisor, less than 18, of 18. Evidently 
g=3=72/4!,andg +9. Ifg=6,T must be cyclic, since a non-cyclie sub- 
group of order 6 of G is self-conjugate only under a group of order 36 or 108 
($7). Moreover, the cyclic I, are self-conjugate only under subgroups conju- 
gate with G,,, Ajj, or ($6). Hence we may take T, = C,, 
Finally, if g =3,T-.,/I°, is simply isomorphic with the symmetric group on 4 
letters, so that I_, contains a subgroup of order 36. lence I’, is conjugate 
with (r,, or else contains a subgroup of order 36. 

The subgroup A; is excluded, since it is self-conjugate only under itself 
($34). Each of the groups Gy; and leads to G2, only ($$ 36,37). Finally, 
XK 5; is self-conjugate only under /7/,,, (§35). A substitution which extends A’ 3 
to a I’., must be an operator of //,,, of period 2, 4, or 6, whose square belongs 
to A’ 3; ($5). For those of period 2, we may take P,,7, _,, 7;,_, or W, ($5), 
of which the first two belong to A’ 3; and are excluded. But W, extends A 3; 
to G:,. Those of period 4 are conjugate with 7, _, W,, whose square P,, 7) _, 
belongs to A’3;; it extends the latter to Gt. As at the end of $33, we 
may restrict the operators of period 6 to W,=[1,90,—1,—1]W, and 
[—vy.9,0, y] 7, _,, the latter belonging to A’ 5; and the former extending it to 
G2. Hence T,, is conjugate with Gy, if it contains a subgroup of order 36. 

Since 7, _, is the only operator of period 2 in G,, an operator which trans- 
forms G, into itself must be commutative with 7, _, and hence by I,,, be one 
of the operators A or A/’,,, where A is an operator (52). Considering the 


binary substitutions on &, and »,, we must have 


1 1 ab ab 1 


k to be suitably chosen. Hence c=0,a=kd. Since ad =1, we have 
a=d=+1,k=1. Placing the ambiguity of sign in front of the matrix 
for A, we may take a =d=1. Hence A belongs to G,,. But P,, does not 
transform (,, into itself. Hence G_, is self-conjugate only under itself. 

Since G*, is a subgroup of /7,,,, the largest subgroup of G in which Ay is 


216 
self-conjugate, A'S is the only subgroup of order 9 of G“,. Hence the latter 
is self-conjugate only under a subgroup of //,,. Now [1,9,9,9], which 
extends to transforms W, into [0,0,1,1] W,, which does not 
belong to G™. Hence G™, is self-conjugate only under itself. 

That G,, and G'™, are not isomorphic follows from a consideration of their 
operators of period 2 or of their subgroups of order 9. 

THEOREM. Within @ there are exactly two distinct sets of conjugate sub- 
groups of order 72. As representatives we may tuke G,, and G*,; each is 


self-conjugate only under itself. 


| 
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The subgroups of order 890. 


48. A [contains 1 or 16 conjugate [’,, the first alternative being here 
excluded ($ 2). Having 64 operators of period 5, [',, contains a single [,,, which 
is therefore self-conjugate. Hence [’,, is conjugate with G,, (111). If G,, be 
taken as T’,,, [',, must be a subgroup of G,,, by III, bottom of p. 20. Every 
operator of period 5 in the latter is of the form PC’, where C’ belongs to G,, 
and P is acyclic permutation of &,---,&. Within G,,,, P is conjugate 
with (£&,&,&,& &) or its inverse. Hence I’, is conjugate with 


(61) Gy { Gig ( E, E, ) 


A substitution commutative with G,, must be commutative with G,, and 
hence belong to G,,,. Of the even substitutions on &,, ---, &, only the powers 
of S=(£,£,&,&,&.) transform the latter into itself, none transform S into 
either S* or S*, while (&,&,)(&,&,) transforms S into S*, 

THEOREM. Within G, every subgroup of order 80 is conjugate with G,,. 
The latter is self-conjugate only under 


Subgroups of order 96. 


49. Any I, contains 1 or 3 conjugate I... In the first case, we may take 
G,, as T’,,, so that T’,, is a subgroup of G,,,, the group of all substitutions re- 
placing & by + &,. An operator of period 3 of (,., must replace & by + &, 
and hence belong to G,,. = [G@,,., W, (&,&&,)]. We may therefore limit T,, 
to the groups obtained by extending G,, by respectively W, ( &,&,&,), W(&,&,€,), 
W(é,€&). But C,C, transforms G,, into itself and W/(£,&,&,) into 
W*(€,&,&,), the inverse of the last extender. The three remaining groups 


are G,, of § 44 and 
(63) Ly, = (Gi, W). 


Since each has a single suberoup of order 32, an operator transforming one of 
oD 

them into itself or another must transform G’,, into itself and hence belong to 

Now Moreover, C, C, 


and are each self-conjugate in G 
transforms W into W*, (&,&,&,) into itself, and G,, into itself. ence J, 


96 


and L,, are each self-conjugate only under the subgroup Gof O, and are 
not conjugate within O; but G,, is self-conjugate only under G,... 

Let next I’,, contain 3 conjugate T,,. Let [be the group of the operators 
of I’,, which transform each I’, into itself. Then g is a divisor of 32, 7 < 82, 
g = 96/3!. Henceg=16. Since is self-conjugate in T’,,, is conjugate 
with or G,,. Taking we have T,, = G,,. Taking = G,, 
we have T,, as a subgroup of G Within the latter, [’,, is conjugate with 


960 * 


- 

| 
| 
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H,,, defined by (22). We first transform one of the operators of period 3 of 
G,, into (&,&,&) and proceed as in § 41. 

By III, bottom of p. 20, //,, is self-conjugate only under a subgroup of 
G,,,. But the only even substitutions on &,,---, €, which transform (&, &,)(&,&,), 
(€&,)(&,&), (&,&)(€,&) amongst themselves are these three and the powers 
of (€,£,&.). Hence H,, is self-conjugate only under itself within O. 


The Subgroups of order 108. 


50. Any [ 
Then I,,,/T,, has a subgroup of order 2, so that I’,,, has a self-conjugate sub- 
group [,,. For the latter we may take G,,, A,, or A’{,(§45). But A,, 
leads to //,,, only (§ 45). 


108 


contains 1 or 4 conjugate T,.. Let first T’,, be self-conjugate. 


108 


Next, G., is self-conjugate (§ 45) only under the group G 
(2) of II... The square of (2) is* 


of the operators 


4s 


| 1 Be? +ac(a—8) c+cd+ay 
0 1 0 0 


| (ad — By =1). 


(1+2)(ae—ya)+y( ) + Bry y(a+8) |} 
0 | 1+6 )( Be—6a )+ ) Bi By 


This operator belongs to G,, only when 2 = 6, 8 = y = 0, whence (2) belongs 
to G,,,ora= — + By = +1, s0that + must be —. But there exists 
(1V) a binary substitution of determinant unity which transforms (4 _%) into 
With a, e, 0) 


where .V, replaces &, by n,, and », by — &,. Hence every I’, 


(_° |). Hence, in the second case, (2) is conjugate within 


, defined by G,, 


is conjugate with 


(64) Gig = ( G,,, M,)- 

Finally, A’;, is self-conjugate only under //,,,(§ 45). Within /7,,, the opera- 
tors of period 2 are conjugate with P,,7,_,, 7, _, or W, ($5), the first 
belonging to A’;,, the second and third exterding it to respectively //,,, and 
(65) ing = W,) = (AL, W,)- 


108 


The operators of period 4 of //,,, are conjugate with 7, _, W, ($5), whose 
square P,, 7, _, belongs to A’;,, so that it extends A’;, to 


(66) =(K;,, T. -1 W,) = (K,,, W,)-. 


Consider lastly the operators of period 6 given in the theorem of $5. Their 
squares ($33, end) all belong to A,,, so that none are excluded. But 


* Hence (2) is of period 2 only if 3 =y=0, a=Jd=—1,k=0, giving [0, a, ¢, 9] 7,4. 


i 

3 

4 
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W,= [1, 0,—1,— 1] extends to Ay,., [k, 0, 9, | T, _, extends 
to while [+ 1, 9, 0,0] 7, _, belongs to A’;,. 


We pass now to the ease in which T’,. is one of 4 conjugate subgroups. The 
group I’ of the operators of T’,,, which transform each of the four I’,, into itself 


los 


is self-conjugate under [’,,. and qg is a divisor < 27 of 27, while g = 108/4!. 


Hence g = 9, so that is conjugate with A’? or (IL,,,). In the first case, 
r’,,, is conjugate with // In the second case, I’,,. is conjugate with a sub- 


group of //,,.. Since I’,,./T, is simply isomorphic with the alternating group 


108 ° 


on 4 letters, which contains a self-conjugate group of order 4, I’... contains a 


self-conjugate group of order 36. By $$ 34-37, this must be of the type A’3;, 
which is self-conjugate under //,,.. Applying a suitable transformation within 
H,,., we may assume that [ 


216 


contains also A’.,, with which all the subgroups 


108 
of order 27 of //,,, are conjugate, so that [,,. = /7, 
Since //,,. contains a single group A’, of order 27, and since A,, is self-con- 


10x 


jugate only under //,,., //,,. is self-conjugate only under a subgroup of /7/,... 


But //,,, is self-conjugate under //,... 


Since G’,,. contains a single group G,. of order 27 and since G,,, is self-con- 


is 18 Self-conjugate only under a subgroup of G 


jugate only under G,,., G 
and », by a binary group of 24 substitutions (4 3) of determi- 


The latter affects & . 
nant unity. Within the latter, the group ‘J, 7, _,. } is self-con- 


648° 
jugate only under a group of order 8 (IV). Hence G.,. is self-conjugate only 
under 


(67) G,,,= {operators (2) of with c=s=+1, S=y=0, or else 2+6=0). 


Finally, and are self-conjugate only under 


Os 108 216° 
Within G', the subgroups of order 108 are conjugate with 
or These are self-conjugate only under H,,., Hy, respectively. 


The subgroups of order 120. 


51. Tneorem.* Within G, every subgroup of order 120 is conjugate with 
G,.,, or G The latter are self-conjugate only under themselves. 


120 120° 


Every I’,,, is composite. By the earlier results (see table), a T’,,, has no self- 


conjugate subgroup of order <60. We may therefore assume that it contains 


G,, or whence I, 


» is G,,, or G,,, respectively (§ 46). 
* Second proof: A contains 1 or 6 conjugate I’; , the first case being here excluded. Since 
l\.9 thus contains a l’,, but no self-conjugate subgroup lying in l’,,, it is (Dyck) expressible as 
a transitive substitution-group on 6 letters and hence is simply isomorphic with the symmetric 
group on 5 letters. A third proof depends upon the 5 or 15 conjugate I',, there being no primi- 
tive group of order 120 on 15 letters (MILLER, 2) ; while of the two imprimitive groups, one has 
substitutions of period 15 and is excluded, and the other is isomorphie with G3), (KUHN). 


| 
i 
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Exclusion of the order 144. 

52. Every T,,, is composite.* By the earlier results, a group of order a 
divisor < 144 of 144 is self-conjugate in a group of order a multiple of 144 
only when it is conjugate with G',, Fy”, F,{, or G. Of these, Fy” and F,; 
are self-conjugate only under G,,., which has no subgroup of order 144 (see 
end of $39). Again, G, and G,, are self-conjugate only under G,,,, which 
corresponds to the abelian group (A, P,,), A being defined by (52). Since 
the group G),. of the A has no subgroup of index 2, [',,, must contain A’P,, 
and exactly one fourth of the operators A, the latter consequently (IV) forming 
a group given by the direct product (T,, l,,) of a I’, on one pair of the vari- 
ables &,, y, anda on the other pair. But A’P,, transforms (1, into 


a group (T,,, [,). Hence I’,,, does not exist. 


The subgroups of order 160. 


53. contains 1 or 5 conjugate By III, a subgroup of is 
self-conjugate only under a ora The group transforming each of 


the 5 T’,, into itself is self-conjugate under [’,,, and g is a divisor < 32 of 32. 


But by III no subgroup of order 2, 4, or 8 is self-conjugate under a [ 


160° 


‘go With a subgroup of G.,,.. 


Hence g = 16 and I, is conjugate with G’,,, I 
is conjugate with G 


160° 


Proceeding as in § 48, we find that T 


160 

The 5 subgroups of order 32 of G,,,, are conjugate within G with 7%, of III,, 

which is self-conjugate only under G,,. Hence G,,, is transformed into itself 

by at most 320 operators of G. (This also follows from the fact that G,,,, con- 
($ 59). 

THEOREM. Within G, every subgroup of order 160 is conjugate with G 


tains 16 conjugate But contains no 


320 
160? 


which is self-conjugate only under itself. 


The subgroups of order 162. 


“AT... 
whence the former is G,,, of II,.,, since G, 


The latter may be taken to be G,, of II,.,, 
is self-conjugate only under G 


contains a single T° 
l 162° 
THEOREM. Within G, every subgroup of order 162 is conjugate with G,,.,, 


which is self-conjugate only under itself. 


*The proof may be modified so as not to assume that I,,, is composite. It has 1, 3, or 9 
conjugate I’,,, the first case being excluded. If TI ,, is one of 3 conjugates the largest group I’, 
transforming each into itself is of order 24 and hence conjugate with F,, ($$22-32). If I, is 
one of 9 conjugates, g is a divisor << 16 of 16. If g—8, I, is conjugate with a Also g+4 
by III. Ifg =2, is conjugate with {| 7, 72,1}, so that isa subgroup of (A, P,,). If 
g =), l\4, is simply isomorphic with a transitive substitution-group on 9 letters. Such a group 
contains substitutions of period 8 (CoLE, 1) and is here exeluded. 


i 

| 


4 
4 
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Exclusion of the order 189. 


is composite.* By the table, no subgroup of order = 90 of G 


55. AT. 


is self-conjugate in a group of order divisible by 180. 


The subgroups of order 192. 


56. THreoremM. Within O, there are exactly two distinct sets of conjugate 


subgroups of order 192, represented by G',,, and G,,. is self-conjugate 


only under itself, and H,,, only under G,,,. 

We may take G,, as one of the conjugate subgroups of order 2° in T’,,,. If 
G.,, is self-conjugate, T,,, = G,,, by II1,,. Next, let G,, be one of 3 conjugate 
subgroups. The group I’) of the operators of I’,,, which transform into itself 
each of the three groups of order 64 is self-conjugate under [’,,,. Moreover, 
g < 64 and g = 192/3!, so that g = 32. Hence I is conjugate with G.,,. 
Taking [ = G,,,, we have I’,,, as a subgroup of G,,,, Under the latter, G,, 
has exactly 3 conjugate subgroups: G,,, W-'G,,W, W-°G,,W?*. Hence 
= (G4. W) = 

A substitution which transforms G’,,, into itself must belong to G,,. by III, 
bottom of p. 20. But the even substitutions on &, ---, & which transform 
G,,. into itself do not alter &,. Hence G,,, is self-conjugate only under itself. 

A substitution S which transforms //,,, into itself must replace &, by a, &, 
s=5, by III,,. Likewise, S~' must replace & by a,&, ¢=5, so that S 
replaces & by +£&. Hence S= S’(&,&.---&), where S’ leaves & and & 
unaltered except in sign. Then s= 5; for if not, S’= CS”, where C isa 
product of the C,, and S” permutes the variables other than &, and & , so that 
S transforms (£,&,)(&,&,) into a substitution permuting certain variables 
including &, and hence not in /7,,,._ It has now been shown that S belongs to 
G,,,- Inversely, (&,&,&,) extends H/,,, to G,,, and transforms //,,, into itself. 


The subgroups of order 216. 


57. A T,,, has 1 or 4 conjugate T,.. Let first T’,, be self-conjugate. Since 
. Since the latter con- 


108 


r,,,/., has a subgroup of order 4, contains a 
tains I’, self-conjugately, it is conjugate with //,,., G,,,, or (§ 50). 


The last three lead only to G,,, and 7/,,, ($51, end). IfT,,, = #%,,, T,,, isa 
But #7, 


648 


subgroup of /7,.,.. / 4,, is simply isomorphic with the symmetric group 

* We may proceed otherwise. A I’),) contains 1, 4, or 10 conjugate Ty. By II, the subgroups 
of order 9 are self-conjugate only under groups of orders 27, 108, 162, 216. Hence a subgroup 
T'\g9 contains 10 conjugate ly. The group I’, transforming each into itself is self-conjugate under 
Tigo and g<.18. As beforeg+9. Also,g+6,9+3,9+2 by §§$6, 7,3 and III. Hence 
[49 is simply isomorphic with a transitive substitution-group on 10 letters. But no such group 
exists (COLE, 2). 

Trans. Am. Math. Soc. 11 


162 L. E. DICKSON: DETERMINATION OF SUBGROUPS [April 


on 4 letters, whose subgroups of order 8 are all conjugate (V). Hence I,,, is 


conjugate with /7,,,, and //,,, is self-conjugate only under itself within G. Let 


216 
next I’, be one of 4 conjugate subgroups. The group I, transforming each 
into itself is self-conjugate under [',,, and g is a divisor < 54 of 54, while 
g = 216/4!. Hence g = 9, 18, or 27. If g=9, is conjugate with Ay 
and with /7,,, (II,,,). If g=18,T has a single I’,, consequently self- 
conjugate under T’,,,.. If g = 27, we are led to the first case. 

THEOREM. The subgroups of order 216 are conjugate with G,,, or H,,,, 
the former being self-conjugate only under G,,, and the latter only under itself. 


The subgroups of order 288. 


58. Since * a I’,.. has a self-conjugate subgroup of order = 144, it is conju- 
gate with G.,,, or with a subgroup of G,., (by the table). In the latter case also, 
it is conjugate with G.,.. (§ 52). 

By III,,, a substitution which transforms G, 

THEOREM. Every subgroup of order 288 of G is conjugate with G 


, into itself belongs to G,,,. 


which 


288 ? 


is self-conjugate only under G,.,. 


Exclusion of the order 320. 


59. AT, contains 1 or 5 conjugate [,,. But a subgroup I’, of G is self- 
(III,,). Hence T,, is one of 5 conjugates. The 
yy and g is a 
divisor < 64 of 64, 7 = 320/5!. Now the values 4, 8, 32 of g are excluded 


conjugate only under a T° 


192 


group I’ transforming each into itself is self-conjugate under T 


by II. For g = 16, we may take I',, =G,,, whence I°,,, is a subgroup of G,,,. 


Then [,,,/T’,, would be simply isomorphic with a subgroup of the alternating 


29 


group on 5 letters (III, ). 


The subgroups of order 324. 


60. A T.,, has 1 or 4 conjugate [’,,, one of which may be taken to be G,,. 
The latter, being self-conjugate only under, G,,,,, is one of 4 conjugate subgroups 
of [,,,. If I, be the group transforming each of the 4 into itself, y is a divisor 
< 81 of 81 and g = 324/4!. Hence y=27. We may take I, = G,,, or 
/G,, has 


* For a second proof, we note that a I’,,, contains 1, 3, or 9 conjugate T,,. If T,, is self-con- 
jugate it is conjugate with G,,, and I’,,, with a subgroup of G,,, (III). If one of 3 conjugates, 
the group transforming each into itself is of order 48, so that l,,,/I',, has a subgroup of order 3, 
and I,,, a subgroup I',,,, contrary to $52. If I, is one of 9 conjugates, g isa divisor < 32 of 32. 
But g = 16 and g= 4 are excluded by III ; g=8 leads to a group conjugate with F,’ , whence 
is conjugate with G,.,. For we may take’, = { J, 72, --1}, whence = Gig, (§ 47). 
If g=1, I, is simply isomorphic with a transitive substitution group on 9 letters, which is 
im possible (COLE, 1). 


K,, whence is a subgroup of or respectively. But G,,. 


4 

‘ 

| 
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no subgroup of index 2. However H,,./X,, contains a (single) subgroup of 


order 12 (V). Hence I,,, is conjugate with 


(68) H,,, = { operators (19) of II,., with 6,,6,, — 6,,8,, = 1}. 


380 


The number of operators of G commutative with /7,,, is evidently 4 x 162. 
THEOREM. Every subgroup of order 324 of G is conjugate with H,,,, which 


is self-conjugate only under H,... 


The subgroups of order 360. 


61. A subgroup I.,,, has no self-conjugate subgroup of order = 180 in view 
of the earlier results (see the table). Hence it is simply isomorphic with the 


alternating group G!,, and contains subgroups of order 60. Now ( & &,)(&,&,) 


extends G?, to G,,; its product by (&, &,)(&,&,) on the left is of period 2; its 


product by (&, &,&,&,&,) on the left is of period 3. Hence we may assume that 
r’,,, has the normalized subgroup T’,, of § 46 and an operator B of period 2 


that (&,&,)(&,&,) B is of period 2 and (& &) B of period 3. Hence 
B= £,)(§&,) or Q ($ 46). 


THEOREM. Within O, every subgroup of order 360 is conjugate with 


The simple group G,,,. is self-conjugate only under 


20 
Exclusion of the order 432. 
62. AT’, is composite. But no subgroup of order < 432 is self-conjugate 


in a group of order divisible by 432 (see table).* 


*Second proof. A T,,. has 1, 4, or 16 conjugate l',,. The first case is excluded by III. Let 
first T',, be one of 4 conjugates. The group I’, transforming each into itself is self-conjugate 
under I,,, and g is a divisor < 108 of 108, while g= 432/4!—18. But g + 27 as before, 
g + 18 by §§ 14-20, g + 36 by §§ 33-37, ¢ +54 by § 45. Let next I,, be one of 16 conjugates. 
Then g is a divisor < 27 of 27. Butg+9 by II,g+3 by §3. Ifg—1, Tyg. is simply iso- 
morphic with a transitive group on 16 letters. Having no self-conjugate I, by III, it is not 
primitive (MILLER, 3, p. 229). It is not imprimitive in view of the following theorem and 
proof communicated to me August 22 by Professor G. A. MILLER: There exists no imprimitive 
group of degree 16 and of order 432, 864, 1296, or 2592. For, an imprimitive group of degree 16 
niust have 8, 4, or 2 systems of imprimitivity, which are permuted according to a transitive 
group of degree 8, 4, or 2, respectively. The latter group may be assumed primitive. Since a 
primitive group of degree 8 has its order divisible by 7, the imprimitive groups under consider- 
ation would have either 4 or 2 systems. In the former case, these systems would be permuted 
according to Gf, or G{,. The head would be divisible by 9, which is impossible since its order 
could not be divisible by 144. Hence the required group must contain just 2 systems of imprim- 
itivity and hence have an intransitive subgroup of index 2 with constituents of degree 8. This 
is impossible since the order of the head would be divisible by 27 so that each constituent of the 
head would have an order divisible by 9. The order of such a constituent would therefore be 
divisible by 32, so that the order of the entire group would be divisible by 64. 


4 
4 
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Exclusion of the order 480. 


63. A composite* I’... may be assumed (from the table) to contain G,, and 


to be a subgroup of G,,,, whereas G.,,,/G,, is simply isomorphic with G) and 


has no subgroup of order 30. 


960 


The subgroups of order 576. 


64. A subgroup Tes being composite, must be conjugate + with Gn by the 
table of the earlier results. Now G,,, contains exactly 3 groups conjugate with 
G,,, since the latter is self-conjugate only under G,,,, a subgroup of G,,, (III,,). 

THEOREM. Every subgroup of order 576 of O is conjugate with a 
which is self-conjugate only under itself. 


The subgroups of order 648. 


65. We may assume that I’... contains G,,, which is self-conjugate only under 
G (II,,,). Hence T,,. 
transforming each of the 4 into itself is self-conjugate under T’,,, and ¢ isa 
divisor < 162 of 162, g = 648/4!. Hence g= 81, 54, or 27. As above, 
g+81. If g= 54, I,,, is conjugate with G,,, (§ 45). If g=2T7,T,,, is 
, or #7... (IL,,, I,,,). Evidently the largest subgroup of G 
which transforms [’,,. into itself is of order 4 x 162. 

THEOREM. The subgroups of order 648 of G are conjugate with Gi, OF 


each of which is self-conjugate only under itself. 


O48 


contains 4 groups conjugate with G,. The group T, 


648 


conjugate with G,, 


H, 


648) 
The subgroups of order 720. 


66. A subgroup I.,,, necessarily composite, contains no self-conjugate sub- 
group of order < 360 by the table of the earlier results. We may thus assume 
that [.,, contains G,,,, so that it is identical with (.,, (§ 61). 

THeorEM.{ Every subgroup of order 720 of O is conjugate with G,,,, 
which is self-conjugate only under itself. 

It may be shown that (,,, is simply isomorphic with the symmetric group 
on 6 letters. 


0 


*Second proof. A T;,., has 1, 6, 16, or 96 conjugate I’; ; 1, 4, 10, 16, 40, or 160 conjugate I. 
But a subgroup [; of G is self-conjugate only under a I’,,, al’, only under a group of ordera 
divisor of 648. Hence l,.. contains 384 operators of period 5 and either 80 or 320 operators of 


period 3, and 32 further operators of a T°, . 

t Second proof. A I;,, has 1, 3, or 9 conjugate I,,, the first case being excluded. If 3 conju- 
gates, the group I’, transforming each into itself is of order 96, so that I’;,, is conjugate with G,,, 
($49). If 9 conjugates, g is a divisor < 64 of 64. If g —32 or 2, I’, is conjugate with G;,, by 
III. Also, g+16,9+8,9+4. Finally, g+1, since there is no transitive G{, (CoE, 1). 

tCf. Proceedings of the London Mathematical Society, vol. 31 (1899), pp. 30-68 ; 
ser. 2, vol. 1 (1903-4), pp. 283-4. 


/ 
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Exclusion of the orders-810 and 864. 


67. Subgroups of these orders are excluded * by the table, being composite. 


The subgroups of order 960. 


68. A subgroup I,,,,, , by the 
table. Now (7,,. is self-conjugate only under itself by III, bottom of p. 20. 


960 


being composite, must be conjugate > with G, 


Exclusion of the orders 1080, 1296, 1620, and 1728. 
69. Subgroups of these orders are composite, { but contain no self-conjugate 
subgroups (table). 


* To give another proof for 810, we may assume that I',,, contains G,,, which is self-conjugate 
only under Gj... Hence I';) contains 10 groups conjugate to (,,. But no subgroup of O of 
order 27, 9, or 3 is self-conjugate in a l',,, by II. Hence !’,,) is simply isomorphic with a transi- 
tive substitution-group on 10 letters, whereas no such group exists (COLE, 2). 

To give another proof for 864, we note that I’,,, contains 1, 4, or 16 conjugate I’,,, the first case 
being excluded by II. Let first there be 4 conjugates and denote by I’, the largest subgroup of 
I',,, transforming each into itself. Then g is a divisor of 216, g = 36—864/4!. The resulting 
values 216, 108, 72, 54, 36 are excluded by the earlier results. Suppose next there are 16 conju- 
gates. Then g is a divisor < 54 of 54. But 27, 18, 9, 6, 3, 2 are excluded by the earlier results. 
The case g = 1 is excluded by MILLER 3, and the foot-note to § 62. 

t Another proof follows from a consideration of the 5 or 15 conjugate subgroups of order 64, 
there being no primitive group G{)°) (MILLER, 2) and no such imprimitive group (KUHN). 

{Second proof for 1080. A Tyg) contains 1, 6, 36, or 216 conjugate [';. But a subgroup I; is 
self-conjugate only undera I... Hence I; is one of 216 conjugates, so that Ij.) contains 864 
operators of period 5. It contains 1, 4, 10, or 40 conjugate I’,, , the first two cases being excluded 
by II. Let first there be 10 conjugates. No group of order g, where 1 < g=108, is self-con- 
jugate under a I'\og) by the table. Moreover, there is no transitive group G‘'), (COLE, 2). 
Hence there are 40 conjugate T',,. If they are of either of the types G,,, K,,, they form a com- 
plete set of conjugates under G59... Now the group K,, of the [k, 0, ¢c, y] contains 
1ii=[1,0,0,0), Li,1L2,1—[1, 0, 0,1], Li, -1L2,1—[—1, 0, 0, 1], so that the conju- 
gates to K,, contain 2( 40 +- 120 + 240 ) operators of period 3. The group G,, of the [k, a, c, 0] 
contains 1), ; and also [—1, 0, —1, 0], into which Zi, —: Lz,1 = [— 1, 0, 0, 1] is transformed 
by the abelian substitution 


Hence the conjugates to G,, contain at least 2( 40 -+- 240) operators of period 3. Hence the con- 
jugate I,, are of neither of the types G,,, K,,, and hence of the type #,,. By II,,, the sub- 
groups of order 9 of H,, are the commutative A, and three conjugate cyclic C,. Within G@.;9., 
each (C, is self-conjugate only under H,, by II;,;. Hence a C, is one of 40 distinct conjugates 
within [yos9, so that the latter contains 6 < 40 = 240 operators of period 9. But there were only 
216 operators of period + 5. 

Second proof for 1296. A T'j., contains 1, 4, or 16 conjugate I’, , the first two cases being 
excluded by II. The largest subgroup of I’,.., which transforms each of the 16 T,, into itself is 
of order 1 by If. But there exists no primitive G!%,, having no self-conjugate I, ( MILLER, 3, 
p. 229). There exists no imprimitive G\%,, by the foot-note to § 62. 

Second proof for 1620 (the lengthy case of JoRDAN, Traité, pp. 322-9). A Tyg2) contains 1, 
4, or 10 conjugate l',,. But asubgroup I, is self-conjugate only under a G,,,._ Hence there are 
10 conjugates. Now I... has no self-conjugate subgroup of order 2, 3, 6, 9, 18, or 27, and hence 
none of order 54. But there exists no transitive group G{!°) (CoLE, 2). 

Second proof for 1728. A subgroup of G4... of index 15 must be maximal (§2), and hence 


requires the existence of a primitive G{!5),, contrary to MILLER, 2. 
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Exclusion of the orders 2160, 2592, 2880. 


70. If a subgroup of one of these orders exists, it must be maximal (§ 2). 
But there exists no primitive group of order 25920 on 12 letters (MILLER, 1), 
nor on 10 letters * (COLE, 2), nor on 9 letters (COLE, 1). 

Maximal subgroups of 
71. TuroremM. Every maximal subgroup of G,,,.. is conjugate with one of 
the five groups: Gon, Gigs 

By the table the only subgroups self-conjugate only under themselves are the 
above five and the following non-maximal ones: Gy (in G9), Gy (in Legs, 
since its generators P,,Z, _, 7, _,, Z>_,, and D are all of the form (19) of 
T1555), (in (in since its substitutions replace by + &;), 
(in Gog OF $39), Hyg Cin Gogo), and (in Goo), and 
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5920 


960° 648° 


* Second proof for 2592. A I’,;9, contains 1, 4, or 16 conjugate I’,,, the first two cases being 
here excluded. But a G}f,. is neither primitive (MILLER, 3) nor imprimitive (foot-note to § 62). 


ON THE INVARIANTS OF QUADRATIC DIFFERENTIAL FORMS, II* 
BY 
CHARLES NELSON HASKINS 


In the following paper I propose to extend to differential parameters the work 
of an earlier article | on the determination of the number of differential invari- 
ants of quadratic differential forms in 7” variables. 


$1. Introduction. 


The form in question, 
n n 


i=1 k=1 


and the transformation to which it is subjected, 


cf 
Xf = Ay ? 
ral 


are the same as in the earlier paper. 

A differential parameter of the form ¢ is a function which is unaltered by 
any transformation of the group, and which may involve the following quantities: 

a) The coefficients a,, and their derivatives of various orders with respect to 
the variables x ; 

b) certain arbitrary functions U(2,,---, ”,), numerically unchanged by the 
group (2), and the various derivatives of these functions with respect to the 
variables «x ; 

c) if the variables x are not all independent, the derivatives of those which 
are dependent with respect to those which are independent. 

If the differential parameter does not contain the functions U, or their deriva- 
tives, or the derivatives of the «’s, it will be called a differential invariant (Gaus- 
sian invariant). 

If the differential parameter does not contain the derivatives of the «’s it will 
be called a differential parameter of the first type (Beltramian invariant). 

* Presented to the Society at the Boston meeting, September 1, 1903. Received for publica- 
tion August 29, 1903. 

t+ HAsSKINS, On the invariants of quadratic differential forms. Transactions of the Ameri- 


can Mathematical Society, vol. 3 (1902), p. 71. (Cited hereafter as Invariants I.) 
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If the differential parameter contains the derivatives of the «’s, but does not 
contain the U’s or their derivatives, it will be called a differential parameter 
of the second type (Minding invariant). 

The order pu of a differential invariant is the order of ‘the highest derivative 
of any of the a,,’s appearing in it. 

The order wu of a differential parameter is the order of the highest derivative 
of any of the U’s or x’s appearing in it. 

We shall find that differential parameters of a given order uw are naturally 
associated with differential inruriants of the next lower order » — 1. 

Differential parameters of the second type are always expressible in terms 
of differential parameters of the first type.* 

For suppose the x’s are not independent, but are bound by relations 


O.(x,, +++, %,) =O 


and let /’ be a differential parameter of the second type. By means of the 
equations U = 0 and their derivatives with respect to m of the variables x, taken 
as independent, we may express in terms of the derivatives of the functions U the 
derivatives of the dependent «’s with respect to the independent x's. When 
these expressions are substituted in /’ it becomes a function of the partial deriva- 
tives of the Us. It has the property of invariance and is therefore a parameter 
of the first type. 

Geometrically, parameters of the second type express invariant properties of 
spaces of lower dimensions drawn in the space whose linear element is given by 
¢, e. g., invariant properties of curves on surfaces. 

Not all parameters of the first type are also of the second type. Hence it is 
desirable to investigate the parameters of the second type as well as those of the 
first. 

The differential parameters are solutions of certain complete systems of linear 
partial differential equations. The number of parameters is therefore equal to 
the excess of the number of variables in these equations over the number of 
independent equations. The computation of the number of equations and of the 
number of variables is very simple. Consequently the difficulty of the problem 
lies in the determination of the independence of the equations in question. It 
will be found that this determination can, save in a few cases, be referred to the 
corresponding problem in the case of the invariants. In fact there remain but 


five cases which cannot be so referred, viz. : 


n=2, w=1,2,3: 
w=1,2. 


* This point, apparently unnoticed hy ZoRAWSKI, has recently been emphasized by ForsYTH, 
Philosophical Transactions, vol. 201 (1903), A, p. 333. 
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The cases n = 2 have been fully treated by ZorawskI,* and may be omitted 
here. We have to consider, then, only the cases n> 2; w=1,2. It may be 
noted that Levi-Civira has obtained a lower limit for the number of param- 
eters. 

The consideration of the cases n> 2, w= 1, 2, and «> 2 occupies the last 
five sections of the article. The equations determining the parameters are so 
numerous and complicated that, in order to prove their independence, it is found 
desirable to introduce certain new variables, in particular, the three index sym- 
bols of CHRISTOFFEL and the covariant derivatives of Ricci. In order not to 
interrupt the course of the reasoning by which the independence of the equations 
is shown, the definitions of these new variables and the discussion of such of 
their properties as are used later have been collected in a preliminary section 
($ 2). Since in each case the proof depends on the non-identical vanishing of 
certain determinants, it is found that the work is facilitated by the specialization 
of the form and of the variables. 

The results of the investigation may be expressed in the following 

THEOREMS : 

I. The number of parameters of order wu and of the first type (Beltramian 
invariants) is 


m(m+1) 


9 


= 


ifu=l1,andm=n; 


n(n—1) 
2 


mn — 


mn(n+1) (n—m)(n—m—1) 
9 9 ’ 


fu=2,andm=n; 


b 
”) mn(n +1) 


) 


if ~w=2,andm=n; 


mn(n+1)(n+2) xn(n—1) 
(c) 6 9 ’ if = 3; 
m(n+p—1)! 
(n—1)! p! 
where n = number of variables x, m = number of functions U. 
II. The number of parameters of order pw and of the second type (Mind- 


(d) ifusa; 


ing invariants) is 
(a) 0, ifup=l; 
* ZORAWSKI, Ueber Biegungsinvarianten, Acta Mathematica, vol. 16 (1892), p. 41. 


¢ Levi-Crvita, Sugli invarianti assoluti, Atti d. R. Ist. Veneto, ser. 7, vol. 52 (1894), 
p. 1498. 
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m(m + 3)(m*? — m+ 2) m{m-+3) 


g if w= 2, and 9 =n; 
b 
(n—-m — 9 » iff u=2, and 2 =n; 
m(m 3) | (m+1)(m-+ 2) 
6 | 4 
3 
if 38, and =n; 
1 2 —1 
3 
if 3, and ) 


(m+p—1)! 


(n—m) (m—1)!n! 


where n = number of variables x,n — m = number of fixed relations among 


the variables x. 


§ 2. Differential equations of the problem. 


As in the case of the invariants the group must be “extended” to include the 
functions involved in the parameters sought. 

In dealing with parameters of the second type we may regard n — m of the 
variables « as functions of the remaining m and use the transformation 


ar 
(1) Xf = E(2,. 
ral 


or we may regard them all as functions of m new independent variables 
++, %,,3 the system of variables ---, 2,,---, %,,, being subjected to 


“1° n 
the transformation 
r= r T= 
The following notation will be used. 
a,, = coefficient of dx,dx, in ¢, 
of 
= 
Pin 
a. =4,; =~ 


4 
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(4) 
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of 
a = |a,,---a@,,| = discriminant of the form ¢, 
A,= factor of in a} 
in = {cofactor of a, ina}, 
P of 
= 
0A, 


ike 1 
| (a,, + @,,— = CHRISTOFFEL’s three-index symbol of the 
i k 
first kind, 


af 
Vn = = ’ 


l 


2) 
=> A,, | = CHRISTOFFEL’s three-index symbol of the 
second kind, 


h — E. ly On, Ox, 

of 


n ik 
V,= > | = Ricci’s “second covariant 
h hiik h s h 
s= 


= derivative,” 
Rye Bye 
oO A 
tk 
n n 
W,, =AU,=> > A,,U,U, = Betrramr’s first differential 
parameter, 
n n 
W,,=VU,0,= A,,U,U, = Bettramr’s mixed differential 
— parameter, 
of 
Al 
OW,, 


| 

(5) 
(6) 
(7) 
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of 
P, = Pin... = 5 ’ 
n n ik | 
st st i=l k=1 
of 
st 
n n of 
(9) hi, = a,,%, i%, k? Vix = 5) ’ 
n n of 
(10) doa wy, = ’ 
r=1 s=1 ‘ i 


of 


Chin, Uj 


r=1 s=1 ik Uj 
We define symbols H7/,, by the equations, 


m 


(12) H,, =«,, (k,1=1,2,--'m; ew=Oitk+l; 

i=l 
and put 

(14) = — (a,,€ + 
The quantities A,, satisfy the relations 

(15) a, A, = €,,, 

i=l 
from which we obtain by means of (14) 
(16) Tims + A, &,)- 


* Cf. Invariants, I, p. 75. 
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From this and the relation defining [ ‘* ] we have 


and 
ik | rk | | { ik | 
Since 
as wre UT) 
(XU, ) n © ( , 
we have from 
(21) XU,=09, 
(22) XU,=-DLU,E, 
and 
(28) XU, UE + 
ik rk i 

From (5) and (23) we have 

(24) XV, =-D + 
ed | rk i ir k 

From (7), (16), and (22) follows 
(25) X W,,= 9. 

From (2) and (20) we have 
whence 

kl r=1 s=1 rs | r | r ral 


From (8), (19), (26) and (27) we have 


(28) vy, (Lng, +4] 


From (14) and (26) we have 
(29) hi.) (h,, + hi, 
r=1 i k 


* LIE-ENGEL, Transformationsgruppen, vol. 1, p. 545. 
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Similarly we obtain 


r=l 


and 


i k j r=l ik 
In the same way that (16) is derived from (14) and (15), we have from (12) 
and (29) 


(32) H,)=+ + 


From (13), (30), (31), and (32) we have 


m 


r=1 k l j 


Two special cases of this relation are important : 


r=l i 
(35) Aix. x)= 22 (6 ik 


The differential equations for the parameters of the first type and wth order 
are obtained by equating to zero the coefficients of the various derivatives of the 
E's in the expression 


n 


i=1 h=1 h=1 b=1 


xa}. 

The equations for the parameters of the second type are similarly formed, 
save that the derivatives of the x’s replace those of the U’s, and, if we use the 
variables z, the coefficients of the derivatives of the ¢’s as well as those of the 
£'s must be considered. 

The variables a,,,, can in these equations be replaced by the three index sym- 
bols [ ‘*],* and the equations (5) and (8) of the present section show that the 
variables U,,.. and x,,, can be replaced by V,,,. and y,,, respectively. 

The variables a,, can be replaced by the A,,, and in considering parameters 
of the second a ty pe it is convenient to make this substitution. 


* Cf. Invariants, I, p. 78. 


| 
a 
m m 

m m 
m 
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The equations for parameters of the first type of order unity, and of orders 
not exceeding two, may be derived from the expressions 


(37) LY X(U,) 


i=l k= h=1i=1 i 


_[ ik 


i=l k=1 t=] k=1 l=1 


(38) 


and 


m 


+E U,) +E a) 
respectively. 

The equations for the parameters of the second type of order unity, and of 
orders not exceeding two, may be determined from 


i=1 k=1 i= 


i=! k=1 g=1 


(40) 


and 


h i=l h i=l k=1 th 
respectively. 


We shall find it convenient to denote any equation by the —,, —,,, &; or [44 
of which its left-hand member is, in the above expressions, the coefficient. 

If we proceed to form the equations, we notice that the introduction of the 
variables V,,, and y,,,. has removed the second derivatives of the ’s from the 
expressions (38) and (40), save as they appear in the expressions X [ ‘/]. 

The corresponding equations are, then, 


ik =1 l 

But these are equivalent to * 

(42) = 9 (i, 1=1, 2, -+-,n3; K=1, 2,--:, 7). 


Hence in both eases the ¢,,,, and the corresponding equations & ,, may be dis- 
missed from consideration. 

The equations then take the form : 
I. Type I, order 1, 


n m 3, 
) + Py — U,Q, =9 ( =0, 
. 


k=1 


* Cf. Invariants, I, p. 78 


i 
|| 
| 
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I,. Type I, orders 1,and 2, 


(1+ Pin — (1+ ) V, R,- ~U,Q, =0 
k=1 k=1 rk tik A=l1 r 


h=1 k= 
Il. Type II, order 1, 
+ (r,t 1, 2,---,%), 
r k=1 k=l k k 
t k=1 r 6 


II,. Type II, orders 1 and 2, 


k=1 ri il 


k=1 i=1 


ro =0 to, 4, 1, ++, BE) 
ik 


The explicit form of the equations for parameters of higher order is, for our 


present purpose, unessential. 
$3. Parameters of the first type and first order. 


THEOREM. If msn there are in general 


m(m+1) 
2 


parameters of the Jirst type and first order. 


If there are 


n(n+1) n(n—1) 


such parameters. 
They may be taken as the Beltramiun parameters 


>> 4.0.0, 
1 i k 


t=] f= 


lil 
~ 
or 

Ill 


24,0, 0, 


i=1k=1 


m m k 
> (14+6¢,)A,P, + (r, i=1,2,---, 2), 
r k=1 k k k=1 l=1 kl kl 
n 
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The equations for the parameters are 


m 


A=l i 


=1 
We will suppose the equations arranged in the following order, 


1 l 2 2 2 n 


and the variables p,, and Q,,, in the order, 
Pu Pri2? Pin} P22 Px) Po 3 P,-1 n—1? Puts) P, 


n n 


The rows of the matrix of the coefficients of these equations will be denoted 
by the symbols £,, used to represent the corresponding equations. The col- 
umns of the matrix will be denoted by the symbols p,, of which the correspond- 


ing elements are coefficients. 
We suppose the variables so numbered that the determinant of order 


n(n + 1)/2 formed from the rows 


to 
2 


n 


and the columns 
does not vanish. This is always possible. * 

Suppose now m = 1, i. e., that a single function U, is considered. Build the 
determinants whose rows are, in order 


4 n n 
and whose columns are, in order 
2 3 4 n 


This determinant has the peculiarity that coaxial with its principal diagonal lie 
minors of order n,n, n —1,n—2,---, 2, respectively, and that at the right of 
these minors and above them the elements are all zeros. Hence the determinant 
consists of the product of these minors. These minorsarenin number. The first 
is the discriminant « of the form. The remaining x — 1 are all polynomials in 
the derivatives U,,, among the coefficients of each one of which there is at least 
one which does not vanish. Hence there can be assigned values of U,, --- U,,, 


* Cf. Invariants, I, p. 88. 


Trans. Am. Math. Soc. 12 


| 
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such that no one of these minors vanishes. Hence none of them vanishes identi- 
eally. Consequently the determinant we have just formed does not vanish 
identically. 

Take now m = 2, and form the determinant, whose rows, in order, are 


and whose columns, in order, are 


* Pid Pox Pons Q.» Qs Psy» (Qos Qs Pas * QP, n° 
2 3 3 t 4 n n 
To this determinant the same reasoning applies as to the one before considered. 
It does not, therefore, identically vanish. 
The process above indicated can be continued in the same way for m = 3, 4, 


ete. For m= 1 the order of the determinant formed is 


1 
For m = 2 the order is 
1 3-2 


and in general the order is 


n(n+1) m(m +1) 
+mnr— 


This process can, however, be continued no further than m = n — 1, for then 


n(in+1) m(m+1) 

+ mn — =n, 
and all the rows of the matrix have been used. We have therefore proved that 
if m = n—1 functions UV are considered, the matrix of the equations for the 
parameters of the first type and order contains at least one non-vanishing deter- 


minant of order 


n(n+1) m(m+1) 
+ mn — 


and if m = n —1 it contains at least one non-vanishing determinant of order 


n*. Hence 
If m =n —1 there are at least 


n(n+1) m(m +1) 
9 + mn— 9 


| 
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independent equations in the system which determines the parameters of first 
order and type. If m=n—1 all the equations of this system are indepen- 
dent. 


It remains now to show that if m =n —1 there are not more than 
n(n+1) m(m+1) 
+ mn — 9 


independent equations in the system. To do this we make use of the fact that 
certain solutions of the equations, namely, BELTRAMI’s first differential param- 
eters, 


n 


i=1 k=1 i k 
and mixed differential parameters, 
i=-1 k=1 i 


are known. Moreover these solutions regarded as functions of the explicitly 
expressed variables A,,, U,,,, are functionally independent as may be seen from 
the fact that if 
the Jacobian 
W,, Ws, W,, W,, Ws Ws, W, ) 
0( A, 


mm 
1 A,, A,, A,, A,, A,, 


mm ) 


has the value unity, and does not, therefore, vanish. If m = n the same set of 


values for U,--- U, shows that the Jacobian 


o(W,, W,, W, W. 


nn? In+1? Zeti 


2 1 


nn? 


does not vanish. 

We have seen that there are at least n(n +1)/2+mn—m(m+1)/2 
independent equations if m = n — 1 and that all the equations are independent 
if m=n—1. 

Hence there cannot be more than 


1 


m(m+1)|  m(m+1) 
|= 


independent parameters if m = n — 1, and not more than 


1 1 
) mn — atm n(m—n) 


if m=n—1. But we have actually formed this number of independent 
parameters. The theorem is therefore proved. 


, 
| 
W, Wan) 
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§4. Parameters of the first type and second order. 


THEOREM: The number of parameters of the first type and second order is, 
in general, 
mn(m+1) (n—m)(n—m—1) 


9 9 ’ 


ifmSn, 


and 


mn(n+1) 
9 


ifm=n. 


The equations determining the parameters of order not exceeding two may be 
written : 


m 


(€,) - + Pi, + + €;,) VL, + Q, =0 
kul Azl kat rk ik 


i A=l r 


If we omit the terms 


7 i 

there remain the equations which determine the simultaneous invariants of order 

zero for the m + 1 forms 


> a,,dx,dzx,, 


i=1 k=1 


= > V, dx, dz, (A= 1, 9, 


i=1 k=1 tk 
But these equations are all independent. * 
Consequently the equations of the present case, which differ from these only 
by the addition of terms ave also all independent. 
The number of equations is n*, the number of variables, 
mn(n+1) n(n+1) 


9 + 2 +mn. 


The number of parameters of orders one and two is, therefore, / 


maint  mn(n+3) n(n—1) 


The number of parameters of the first order is 


| 


m(m+1) 
if m=n—1, 


and 
n(n+1) 


+mn—n’, if m=n—1. 


* This theorem is involved in the theorem concerning simultaneous invariants, (Invariants, I, 
p- 91). The proof follows the same lines as that used in Jnvariants I, § 5, for a similar purpose- 
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Hence the number of parameters of the second order is 


and 
mn(n+1) 
9 ’ 


if m=n—1.* 


Q. E. D. 


§ 5. Parameters of the second type and first order. 


THEOREM. There are in general no parameters of the second type and first 
order. 

The equations for the parameters of the second type and first order may be 
written : 


m 


(€;) ¢,)A, P+ =9 (r,i=1,2,---,n), 
k=1 k=1 kk 

(¢,) = 9 (r, i=1,2,---,m). 
k=l r 


We note that the equation &,, of this set involves the indices i and r in the 
in the same way as does the equation &, of the set which determines the para- 
meters of the first type and order. Consequently we shall expect to find that 
the functions 


n 


h, => 4,2,z,, 
r=1 s=1 tk 

are solutions of these equations; and this expectation is confirmed by equations 
(29) of § 2. 

Moreover, the operations by which we proved the independence of equations 

— . of § 3 can be repeated step for step here. Hence as m = n—1 the equa- 

tions , have precisely m(m + 1) /2 independent solutions, viz., the functions h,,. 

We may therefore introduce these as new variables into the equations ¢ ,. 


These, then become, however, by means of equation (29), § 2, 


m 


(¢,) (1 + %n = 9, 


i. e., the equations which determine the invariants of order zero for a form in m 
variables. This system consists of m* equations in m(m + 1)/2 variables. Its 
matrix contains at least one determinant of order m(m + 1)/2 which does not 


* Evidently 


mn(n+1) mn(n+1) (n—m)(n—m—1) when m=n—1 


2 2 2 or m=. 


/ 
= 
n 
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formally vanish identically.* Now the h,,’s are independent rational integral 
functions of the (n+ 1)/2+mn>m(m-+1)/2 variables a,,«,,. Hence 
these variables can be given such values that this determinant does not vanish. 
This set of m’ equations contains therefore in general as many independent 
equations as variables. Hence it has no solutions. 

Hence there are no parameters of the second type and first order. 


§ 6. Parameters of the second type and second order. 


THEOREM. The number of parameters of the second type and second order 


is, in general, 


m(m+3)(m*? —m-+ 2) m(m-+3) 
x uf “Sn, 
and 
(n—m)m(m +3) (n—1) 
n 


2 


m(m+3) 


The equations which the parameters of the second order and type must satisfy 


are: 
” m m k 

r k=1 k=l k k k=1/=1 &l kl 

(¢,) (1 + (r,i=1, 2,---m), 
i k=i r i k=l i=l ri il 

(r, 4, R= 1, 2, m3 BSE). 
ik ik 


Equations (29), (30), (31) and (33) of § 2 show that the functions h,,, h; ,,, 
h,, and A,, ,,¢ are solutions of the equations &,,, and the results of § 3 show 
that the number of independent solutions of these equations is 

m(m+1)(m+2)(m+3) ° m(m+3)_ 
and 
3 rn(n—1 m(m+3 


We shall first show that these solutions may be selected from the solutions 
hins hi Nx, To this end we arrange these functions in the following order: 


* Cf. Invariants, I, p. 88. 
t The functions hj, ,, are those which naturally present themselves first in the solution. The 
functions A, ,; are introduced to meet the exigencies of the present section. 
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hy 12 hy hy on 1 h, 1 Ry ; 
he hy im hy,» 2m m—! h m—1m h 


12 Ayy, 12 
“*13, 13 Aye 13 Au, 13 


Ais, 14 Aus 14 Ajo Ay, 14 

Im—1 Im—1 Ain—s, Im—1°*° 

Aum, lm Ain —l, 1m lm *4im—3, 1m 

Ao 22 Aint, 22 Ain 22 

93 Ax» 25 Mim, 23 A 23 

mm m, mm m—1, mm A, —2m,mm Ay mm 


The order in which the /,, and h, ,, are arranged is obvious. The order 
of the A’s is as follows: The pairs of indices 11-.--mm are supposed to be 
arranged in the same order as that given by the /’s. The first column of A’s 
consists of those in which the second pair of indices is the same as the first pair 
and the A’s are arranged in the above given order of indices. Each succeeding 
column is obtained from the preceding by dropping the uppermost element, 
retaining in the remainder the second pair of indices, but replacing the first 
pair by the corresponding pair taken from the element next above. 

Suppose now m(m-+3)/2>n. Form the above table and from it take all 
the /,, and h; ,,, but only the first » — m columns of the A’s. The number of 
the functions taken is 


m(m+1/) m(m+1 m(m+1) m(m+1) 
"+ ( hy 9 “9 
1 am ( 3 _ 


which is the number of independent solutions of the equations £. We must 
now show that these particular solutions are all independent. For this purpose 
we may suppose the functions just chosen arranged in the single row obtained 
by annexing each row of the above scheme to its predecessor. 

We will then form the Jacobian, J, of these functions with respect to the 
variables 


| 
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m—Lm—l m—lLm mm 


i2 Lin 22 2m m—lLm mm 


. . . . . . . . . . 


Jn Yn Fn Gun Vu Ym Ym 
11 1 


2 lm 22 2m mm 


l,m—1l 1l,m—l 1, 1, m—1 
lum lin lm im 


and show that this Jacobian does not identically vanish. To this end we show 
that, for a particular form ¢, and a particular set of relations between the x’s 
and z’s, J takes a value different from zero. 

We will suppose, first, that ¢ has constant coefficients and that none of the 
minors of its discriminant of any order are zero. The relations between the x’s 
and the z’s shall be: 


m m 


> A,,2, + 3 B, (r=1, 2, 


i=l i=ik=1 ik 


where the A have the significance we have already attached to these symbols 
and the B_,. are constants which we shall later subject to conditions. 
Since ¢ has constant coefficients, 


ik ik 
From the above we have 


m 


=, = A,, > B,2,, 


k=1 ik 
and 
y, = B,, 
ik ik tk 
If z,=2,---=2, 20,2, =0,andz =A... 
2 m l 2 n r ri 


l l 2 2 m—l m 
il 12 lin 22 2m CS 
j 
Yintt 
ll 
12 
Yn+3 
13 13 13 
mm ma ‘ mm 
| 
i 


1904] QUADRATIC DIFFERENTIAL FORMS, II 185 
We shall consider the value of J for this set of values of the variables. 
Now 

Oh. 
= 0, unless/ =i or/ =k; 


r 


i 


But in the special case in question 


n n 
s=l s=l 


k 


Hence 
Oh., oh. oh. 
Now h,, does not contain the variables y,,,. Hence J breaks up into the 
product of two Jacobians, one J,, that of the /,, with respect to the variables 
x,,,, the other J,, that of the remaining functions with respect to the remaining 
variables. 
It is easily seen that J, has the value 2”. 


Consider now J,. 


oY, 
kl 


Ohi t=k | Oh, 
at = 24,2: 


In the special case under consideration 0h, ,,/Oy,.. = €,,- 
Now the index i in h, ,, is always =m. Hence if r=m+1,m+2,--- 


or 7, 
oh, kl 


ey, 
st 
Hence J, in turn breaks up into the product of two Jacobians J; and J,; 


where 


J, = - 


1 * Yilmm Yon * * Yoimm*** Ym 


Therefore 
J, | 1- 


The Jacobian -/, is that of the remaining functions with respect to the remain- 
ing variables. We suppose both functions and variables to be arranged in the 


order given above. 


Now, 
y {[s=k| s=/| {s=j 


| 
| 
j 
/ 
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But if the pairs of indices ik and /j are different, 


m 


n 
Gn Pq Ay, Ly 
s=1 q 


oy, ik q=l 


ry A n m m 


n 
ik 
9 = 2 > > > 
— h,, ik Pq Ay, 
s=1 q 


OY rik s=l1 ik q=1 


In the present case, since g =< m and r > m, q +7, and 


“a 
Ya A =e =0. 
ar sq q? 


s=1 q 
Hence 


cL 


ik 


From these equations we see that the only elements of -/, arising from A,,. ,, lie 
in the rows containing derivatives with respect to y,,, and y,,,.. Moreover in 
the row y,,,, the indices of the B, coming from A,, ,, are 7, j; and in the row 
Fury they arei,k. If, bearing this in mind, we consider the order in which 
both functions and variables are arranged, we see that the determinant ./, con- 
tains a series of minors arranged in order with their principal diagonals lying 
along that of »,, and that below and at the left of these minors all the elements 
of J, are zero. Hence -/, is the product of these minors. The first n — m of 
these minors are of orders 1, 2, ---,—m respectively. The 
remainder are of order n — m. 

Consider a typical one of these minors, e. g., the one whose columns are 
1é, 12; 12-1, 1k —2,1k; --- 1k —(n—m-—1 ), 1k; and whose rows 
are m+i1,m +2 2,m+8,.---n. It is 


lk 1k 1k 


1k, 1k w—1,1k ---1k-—(n—m—1), 1k 


9 ? 
m + 1 a, ls >, 2 a,, ls B. rls Gntis B, 


lk s=1 lk 1k—1 1 s=1 
> 

=) 1h 1A—1 l i lk—n+m+1 
‘ > > > 
m+8\2 > > > a 3 B 

m m 58 +8 s m 
1h =) 1k—1 =i 1k— = 1k-n+m+1 


n 2 > a, B, >> a,, B, a, B, a, 3B, 


1k 1k 1k-—2 s=1 lk—n+m+1 | 


& 


| [April 
and if they are the same 
n n 
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The arrangement of the functions A is such that the first column of this 
determinant contains B’s which have not before appeared. The remaining col- 
umns have however all appeared. We will suppose that not all the determinants 
of order n — m—1 formed from these columns vanish. Then because of the 
non-vanishing of the minors of the discriminant of ¢ it is possible to choose the 
quantities B,,, B,,,---B,,, in such a way that the elements in the first column 
of the determinant in question shall have any values whatever. Hence they may 
be so chosen that the determinant does not vanish. 

Beginning now with the minor of order unity in the column 11, 11 and row 
m +1, we may choose the quantities B,,, so that it does not vanish. Passing 
to the minor of order two in the next two columns and rows, we may choose the 
B_,,, 30 that it does not vanish and so on. 

It is therefore possible to choose the B’s so that J, does not vanish. We 
have found that with our choice of the A’s, J, and J; did not vanish. Hence 
for this form ¢ and these relations between the «’s and z’s J does not vanish for 
the values z, = z,---= 2, 

Hence J does not vanish identically, and therefore the functions chosen are 
independent solutions of the equations &., . 

In the case m(m + 3)/2 = n, the solutions are all independent and the fore- 
going work is unnecessary. 

Introduce now these solutions as new variables into the equations ¢ , and ¢ ,.. 


r. 


The latter equations become 
9 &, 3, +--+ m3 
i=l 


Now the determinant / = |h,, ---,,,| is easily seen to have the value | A 


m ll 


in the case we are considering, and because of the non-vanishing of the minors 
of the discriminant of ¢ it follows that in this case 
h+0. 
Hence * 
= 9. 
Consequently we may dismiss the functions h; ,, and the equations ¢,,, from 
further consideration. 

There remain only the equations ¢ , to be considered. They are m’ in number. 
The number of variables is the number of independent solutions of the equations 
£. diminished by m?(m + 1)/2, the number of functions h, ,,. 

The excess of variables over equations is therefore 
m(m+1)(m+2)(m+3) m(m+1) , m(mt+3 


(m?—m-+2), 


m(m+3) _ 
f =n; 


* Cf. Invariants, I, p. 78. 


/ 
a 
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and 


It is important to note some properties of the function ¢(n, m). 


Od(n,m) m(m+3) 

On 2 
Hence if m(m + 3)/2 = x, in which case only is ¢(n, m) used, 0¢/On>0. 
But the least value of » is m+1, and d(m+1,m)=m. Hence if 
m+ 1SnSm(m+3)/2, then 


(n,m) > m. 


The number of variables is 


Of these m(m + 1)/2 are the functions 4, ,, hence of the variables at least 


2 


d(nm) + — 


are among the functions A,, ,;. 

Consider now that part of the new equations [ , which arises from the func- 
tions f,, and A,, ;,. We have seen that these latter functions may always be 
included among the new variables. Let us now put 


B,=.--=B =B, (i, K=1, 2,---m). 
ik 
Then 


n n m m | 


r=1 s=1 r=1 s=1 
The expression in the brace is common to all the A’s. It does not identically 
vanish, for in the present special case the first sum involves a, while the second 
does not. The a’s may therefore be so taken that the expression does not vanish. 
Denote its value by M. Then 


but 
Ai, ii ) 4 “i? 


ral 


and 


Nix, ix) =—2 ( Myx, + 


i 


i 
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Hence, in the present case, 


m 


= —4M EB, Bi, 


r=1 


m 


Mu, a) = — 2M (6, Bu + Bi Bu)- 


Similarly 


m 


P(h,,)=—2 


ral 


and 


m 


h.,) atta, + 
r=1_ i k 


which in this case become 


m™m 


2005.4, 


¢ 


m 


If we now form that part of the matrix of the coefficients of the equations 
¢,,; which arises from the functions h,. and A,, ,, we see that, first, from any 
column, such as that of the coefficients of Of/CA, , we may divide out the 
common factor 2/B,,, and second, after this division the form of this part of 
the matrix is that of the matrix of the equations for the simultaneous invariants 


of order zero for the two forms 


m ™ 


> A,, dx, dx,, 


r=l1 s=l 


ll 


m 


dg, = dx, dx,. 


r=l1 s=1 


But we have seen* that it is then possible so to take the B_, that there shall be 
a non-vanishing determinant of order m* in this matrix. 

It therefore follows that the matrix of the equations of the present problem 
contains at least one determinant of order m? which does not in this special case 
vanish. Hence it does not identically vanish. ence the equations ©,, are all 
independent. 

As the equations are all independent the number of parameters is the excess 
of variables over equations and the theorem is proved. 

It may be noted that the choice of the quantities B,. by means of which the 
independence of the equations € , is proved, is such as to make the Jacobian J 
vanish. This does not however invalidate the reasoning. For let A be the non- 
vanishing determinant of the matrix: J and X are both polynomials in the vari- 


* Cf. note (24), also Invariants, I, p. 91. 


| = 
| 
- 
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ables y,,,,, and neither vanishes identically, for we have seen that it is possible 
to make either of them take a value different from zero. Hence it is possible 
to find values of the y, ;, such that they do not vanish simultaneously. 


§ 7. Parameters of order greater than 2. 


In the case of parameters of the first type, and also in that of parameters of 
the second type, provided the first method of determining the equations is used, 
the equations for the parameters of order y» differ from those for the invariants 
of order « — 1 only by the addition of terms. Consequently if the equations 
for the invariants of order « — 1 are independent, so are those for the parame- 
ters of order u. But if » > 2 the equations for the invariants of order «= 2 
are all independent. Hence the equations for the parameters of order «= 3 are 
all independent. Hence: 

The number of parameters, of either type, of order not exceeding p, is, if 
w=83 equal to the excess of the number of variables over the number of equa- 
tions determining those parameters. The cases » = 1, 2 have been treated 
separately. 

Suppose now ~#=38. The equations are all independent. The number of 
equations is, for parameters of either type, equal to the number of derivatives 
of the &’s of orders not exceeding «4. The variables in the equations are of two 
kinds; first the a,,’s and their derivatives of orders not exceeding » — 1; and, 
second, for parameters of the first type, the derivatives of the m functions UV 
with respect to the x variables x; or, for parameters of the second type, the 
derivatives of the n — m dependent, with respect to the m independent «’s; the 
derivatives in both cases being of all orders not exceeding yu. 

Hence the number of equations is, in both cases, 


| 


The number of variables is, for parameters of the first type, 


n(n+1)(n+y—1)! ((n+p)! | 


and, for parameters of the second type, 


n(n+1)(n+u—1)! 


| | 
2 ni(u—1)! m! 
The numbers of solutions are, then, 
n(n+1)(n+y—1)! {(n+ | ph)! | 


| 
| 


. 
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and 
in the two cases respectively. 
But of these solutions, 
n(n+1)(n+y—1)! 


2 ni(w—1)! ont | 
are invariants of order = wu —1. 
Hence the number of parameters of order = u and of the first type, is 


| nip! 
and of the second type 
{(m+p)! 


If » = 4 then the corresponding relations hold for » — 1. 
Hence the number of parameters of order w of the first type is 


m(n+p—l1)! 
(n—1)! 
and of the second type 
(xn —m)(m+p—1)! 
(m—1)! p! 
Here p= 4,n=38. 
The number of parameters of orders not exceeding 3 and of the first type is 
+1)(n+2)(n+4+ 38) 


| mn(n +8) 
Mm 6 1 6 + 9 


and of the second type 


The number of parameters of orders not exceeding 2 and of the first type is 


mn(n+3) n(n —1) 


2 2 
and of the second type 
m(m+3)(m?—m + 2) m(m+3) _ 
if —_,—— Sx, 


| 
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ty 


m(m+3) n(n—1) m(m +3) _ 


2 


(n—m) 


Hence the number of parameters of order 3 and of the first type is 
mn(n+1)(n+2) n(n—1) 
6 9 
and of the second type 


+ + 5), (m + 1)(m +2) | 


(rn —m) 


6 2 | 4 iy 
if 3) 
and 
m(m+1)(m n(n—1) m(m +3) _ 
(n—m) 6 2 2 9 =n. 


SHEFFIELD SCIENTIFIC SCHOOL OF YALE UNIVERSITY, 
August, 1903. 


NOTE ADDED DECEMBER 28, 1903. 


The case n = 2 has not been here treated, for ZoRAWSsKI, and more recently, 
ForsyTH,* have already discussed it in full. The methods here used apply how- 
ever to this case also, and effect a considerable simplification of the work. For 
example for the determination of the parameters of the second type and order 
we have the single equation 

of Of 
+ n= : =0. 
Ch,, 


The parameter sought is therefore 


which is readily seen to be the square of the geodesic curvature of a curve on 
the surface whose squared linear element is given by the differential form under 
consideration. 

lhe functions ¥, ,, 


,,, have a simple geometric interpretation, for the equations 


l 0 9 Yo 0 

ll 
are,} if z,, the independent variable, is the length of are of a geodesic line, the 
equations which determine the geodesics on the surface. 


*ForsYTH, Philosophical Transactions, vol. 201 (1903), A, pp. 329-402. 
+ Cf. BIANCHI, Differentialgeometrie, p. 151. 
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ON THE COEFFICIENTS 
IN THE PRODUCT OF AN ALTERNANT 
AND A SYMMETRIC FUNCTION’ 


BY 


E. D. ROE, Jr. 


$1. Introduction. Notations. 


If with respect to m indeterminates ,, ---, %,, A denote the simplest alter- 
nant |01---m —1), viz. |a}a}.--a"-'|,@a monomial symmetric function, and 
A, an alternant in their product 


(1) Ag = + C,A, Cay” 


it was formerly necessary to find all of the C’s in order to find one of them. 
The problem of obtaining a single C alone was first considered by Murr + in a 
brief paper in 1899. His method was first to express ¢ by means of the sym- 
metric function table in terms of products p of weight w of elementary sym- 
metric functions, as 


(2) C,p, + CP, + 

This changes the problem to that of finding the d’s in 

(3) Ap, = A; + +--+ d,,A,- 
If found, the C’s are expressed by the relations 


Murr obtained the expression for one particular C,{ in terms of the c’s. 
Professor TAYLOR, proceeding from the standpoint of Murr, has extended the 
solution, so as to obtain any C in terms of the c’s and d’s.§ Another method 


* Presented to the Society December 29, 1902. Received for publication November 16, 1903. 

** Cf. Murr, Theory of Determinants, p. 176, $129. 

t The Multiplication of an Alternant by a Symmetric Function of the Variabies, Proceedings 
of the Royal Society of Edinburgh, 1898-99, pp. 539-542. 

t It is the relation (32) obtained in this paper. 

$ On the Product of an Alternant by a Symmetric Function, American Mathematical 
Monthly, vol. 10 (1903), pp. 119-130. 
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of attacking this problem is that given by the writer.* It determines the C’s 
directly from the original function without recourse to the elementary products 
and the symmetric function table. In fact it becomes simultaneously a method 
for expressing symmetric functions in terms of the elementary products. These 


two results were reached formally in a theorem 


1 “2 


m 


and in a related theorem, 


[PiPs***Palss ; 

(The notations are to be explained immediately.) The latter expresses a mono- 

mial symmetric function as a-sum of determinants in the a’s, the elementary 

symmetric functions. These results were obtained by using the resultant of 


two binary forms and the theory of corresponding matrices. + 


In this paper, which may be regarded as a continuation of my paper just cited, 
occur among other things: Direct proofs, without the use of the resultant, and 
for more general results when the alternant | A,X, ---A,,| is used as multiplier, 
$$ 2 and 3; explicit methods for calculation and a generalized expression for 
the coefficients when the multiplier is |012---m—1], $$ 3-6; the C’s in 
terms of the c’s and the d’s, which latter are also proved to be the coefficients 
in the quotient of two alternants, $4. It is proved that a table of C’s for 
weight w may be so arranged that it fills out a right triangle whose hypothenuse 
consists of ones, and the sum of whose every column except the last is zero, 
$7. The d’s are expressed in terms of the C’s, $8. The absolute invariance 
of the C’s is proved when |012---m +7 —1) is the multiplier, § 9. And it 
is shown, § 10, how a two-fold application of the table gives any monomial 
symmetric function in terms of elementary products, so that this table is, in a 
certain sense, a square root of the usual symmetric function table. 

A table of the C’s for weight 7 is called a product table for weight w. The 
theory involves certain general complexes of integers: A,r,---A,,, 
Py Pot ete.; these are denoted by A, «, i, p, ete., while the 
complex «,«,,---«;, is denoted by «,. The conjugate complexes i,i,---i,, 
and i i..,-+:¢,. formed from each other, as previously explained, 1. ¢.,* 
by taking those elements of the series 012 -.--m +  — 1 which remain after 


the complementaries of the given elements with respect to m+ n—1 have 


> 


* Note on Symmetric Functions, American Journal of Mathematics, vol. 25 (1903), pp. 
97-106. 
| GORDAN, Invariantentheorie, vol. 1, p. 95. 


| 
| 
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been rejected, are denoted by i andi. We have i. If n=m, i and 7 are 
principal conjugates according to § 7, 1. 

The functions and the coefficients to be studied have the following definitions 
and notations : 


a 
(7) 2 2 2 = as 
a 
a a a 
a a a ( 


10 “= the coefficient of N 
2 — = the coefficient o i ) 
KK K K 
| ... == the coefficient of |«! in |’! (1/)’. 
(12) = = the coefficient of (p) in |«|/|X). 
(13 Pa | P; 
= J P| = the coefficient of a. =a,in ‘«—X!. 


( = = the coefficient of a.a, -.-a, =a, in a” 


The notations in (10), (11) and (12) will usually be written in this paper 
with the complex » omitted, the known and definite ) so omitted being in each 


case specified in the context. Thus (10) and (12) are written arae++- Sm | ae ||, 
bith Aad || bd | In the former the weight of the upper, in the latter that of 


the lower indices, is greater. 


/ 
= [«,—A, K,—A, —A 
(14)? = (1). 
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of attacking this problem is that given by the writer.* It determines the C’s 
directly from the original function without recourse to the elementary products 
and the symmetric function table. In fact it becomes simultaneously a method 
for expressing symmetric functions in terms of the elementary products. These 


two results were reached formally in a theorem 


and in a related theorem, 


(The notations are to be explained immediately.) The latter expresses a mono- 
mial symmetric function as a.sum of determinants in the a’s, the elementary 
symmetrie functions. These results were obtained by using the resultant of 


two binary forms and the theory of corresponding matrices. 


In this paper, which may be regarded as a continuation of my paper just cited, 
oceur among other things: Direct proofs, without the use of the resultant, and 
for more general results when the alternant |A,A,---A,,| is used as multiplier, 
$$ 2 and 3; explicit methods for caleulation and a generalized expression for 
the coefficients when the multiplier is |012---m—1], §$ 3-6; the C’s in 
terms of the c’s and the d’s, which latter are also proved to be the coefficients 
in the quotient of two alternants, $4. It is proved that a table of C’s for 
weight w may be so arranged that it fills out a right triangle whose hypothenuse 
consists of ones, and the sum of whose every column except the last is zero, 
$7. The d’s are expressed in terms of the C’s, § 8. The absolute invariance 
of the C’s is proved when |012---m + 7 —1) is the multiplier, §9. And it 
is shown, § 10, how a two-fold application of the table gives any monomial 
symmetric function in terms of elementary products, so that this table is, in a 
certain sense, a square root of the usual symmetric function table. 

A table of the C’s for weight ~ is called a product table for weight w. The 


theory involves certain general complexes of integers: 2, A,---A,,, 


Py Por Py» ete.; these are denoted by A, «, i, p, ete., while the 
complex «,«,---«, is denoted by «,. The conjugate complexes 7,i,---i,, 


* 


m 


and i ,i,.,---é,,., formed from each other, as previously explained, 1. c., 


by taking those elements of the series 012 --.-m + »— 1 which remain after 


the complementaries of the given elements with respect to m+ n—1 have 


* Note on Symmetric Functions, American Journal of Mathematics, vol. 25 (1903), pp. 
97-106. 
t GORDAN, Invariantentheorie, vol. 1, p. 95. 


| 
} 
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We have 7 =i. If n= m,iandi are 


been rejected, are denoted by i and 7. 
principal conjugates according to § 7, 1. 
The functions and the coefficients to be studied have the following definitions 
and notations : 
a 
a" 
K,K -K, | = 
Og, 
[«,—A,K,—A —A,] 
(9) = Py) =(P)s 
> 4, a, Jia (11 
(1 (1)! (1/)' 
(10) = = the coefficient of |«| in |A|(p). 
Dy Po? Pm Ap 
K 
(11) ; = the coefficient of in |X! (1/)'. 


A( 1)" (1)? r(1’) 


(12) Pm the coefficient of (p) in 
p 
= = the coefficient of =a,in 


( = the coefficient of a.a, -.-a@, =a, in a’ («) 


The notations in (10), (11) and (12) will usually be written in this paper 
with the complex > omitted, the known and definite ’ so omitted being in each 
case specified in the context. Thus (10) and (12) are written myag-s- On | ae | 


=|/|. In the former the weight of the upper, in the latter that of 


the lower indices, is greater. 
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§2. Zhe Theorem | *,| = {,?,}- 

We shall prove that «|= | .”,}. This is seen by considering the mode of 
formation of | “,|. In order to obtain it we add a permutation p, of the p’s to X 
and get, 

(14) Diy + Pig Pi 


If these numbers are all different and a permutation of «, we have one of 


the alternants sought, namely 


(15) 
where 
(16) Di. HA, = Ks or Pi. = (r=1,2,---m), 
and where the exponent i is the number of inversions of order in «; = K,, K;, -+-K;, 
from the order « = «,«,---«. of ascending magnitude, i. e., 7 is the number of 
inversions of order among i,, i,, ---%,,. Then it is evident that 
(17) =), (-l1)’. 


The number of terms in > is the number of complete sets of solutions of 
the equations (16). To define this number we write 


K,—A, 
(18) Byer, ( m lines ) 


and observe that according to (16) each « in the complex x, comes from the 
addition of a « — X, in the ‘th line of the array (18), to the ith number in the 
complex A, provided that « — X, is one of the p's. Then to form a permuta- 
tion of the «’s, only one number can be added from the ith line to A,, and also 
only one number can be taken from the jth column. Hence a permutation of 
K,«,---«, can be formed in as many ways as we can select one and only one 
number from each line and column of the array (18), with the restriction that 
the numbers selected form a permutation of the p’s. Let the element selected 
from the rth line be «, —X,. Then the selected elements correspond to the 
substitution ) with modulus (—1)'. If we select a term a, from the 
determinant {« — 2‘, one such term would, from the foregoing, evidently be 
obtained by selecting the elements from the determinant according to the substi- 
tution (}*°;-",) and the sign of this term would also be (—1)'. Hence to 
every alternant «, =(—1)' « , corresponds a term (—1)'«, of the determi- 


nant {« —2', and conversely, and hence 


2 
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(19) 


and therefore by (17) 


K ) 
2( at 
Mp 
If X= 012 --- m — 1, this relation becomes 
K | Pp | 


§ 3. On the calculation of 
1. In the paper previously cited (p. 2) a reduction formula was given for 
coefficients when the multiplier is |012---m—1 . It is easy to see what this 
formula becomes for the general case. Put « —A,=c,. If + numbers be 
common to the two complexes p, a, so that 


(21) Cus = Pros Cu, 


we have by expanding { c } in terms of the elements of its first line 


where T= 2,—2X,. In general in the 7th stage of reduction we subtract 
A_., — A, from all the elements remaining in the lower line. If no numbers of 


the two series are common, or if a lower index becomes negative, the coefficient 


is zero. For example, to find |=3)}| with A, =2,A,=3,A,=5,A,= 6, we 
have, 

(23) 2459 _ (018) (03) _ 

0713 | 0237 126 | | 04 | 


2. The calculation is shortened by changing the notation slightly. Instead 
of the first line, the principal diagonal indices «,, «,—1,---,«, —m-4+ 1, (for 


A = 012---m—1) may be used. They are the different partitions of weight m. 
Thus for weight 5 we have the partitions: 


00005 

00014 

00023 Taking each one with all the others in order from below upwards, 
00199 one obtains all the coefficients of the table for weight 5. Thus the 
01112 first one would be 

11111 


/ 
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24 ~ 00005 | 00005 2345 
11111 | = | 12345 | = 00005 ° 
where [1111 1| = 12345 
The value of [“”---/«] is the number of ways in which the lower complex, i, 


ean be made equal to the upper, p, by the following operation: passing a lower 
number from right to left over an adjacent number introduces the factor (— 1) 
towards the result, reduces the number passed over by one, and increases that 
passing over by one. The coefficient is the algebraic sum of the number of dis- 


tinct ways in which the complex i can thus be made equal to the complex p. 


py} =(—1)'. The right hand unit, passed over the preceding four, 
produces four zeros and a five: and this result can be produced in no other way 
by the process described. 


Littl 
be passed over two units. This can be done in three ways, by passing the 3d, 


cots] = 8. Here, as two zeros and a three must be obtained, unity must 


4th or “th unit over two preceding ones. 

= 38. (2d and 4th) or (38d and 5th) or (2d and Sth) over one pre- 
ceding unit. 

pit} =—2. 4th or Sth over three preceding units. 

The theory of this is simply that the operations performed represent the 
different ways in which the term in question can be brought to the principal 
diagonal of the determinant involved, and it becomes clear by considering the 
effect on the indices when one column is passed over another at its left. 

If A | is used as multiplier, the factor (— 1) is introduced as before, but if 
the element in the 7th place pass over that in the (7 — 1)th, that passing over 
is increased, while that passed over is decreased by 4. —2A,_,. For example 


with A, = 2, A, = 3, A, 5, A, =—G, = {So} = [is | = —1, for in 


moving 1 in the third place over 2, the former must be increased and the latter 


diminished by 2, and this is the only way of making the two complexes alike. 

It is to be especially noted that the difference >, — A,_, belongs to the rth place 

whatever the elements moved. r 

$4 Relations between the Coefficients «| and the Coefficients in 
the Symmetric Function Table. 


In the paper already cited (p. 2) the relation 


Pn 


or, 


E. g. 
. 
( ) > i 
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where p and q are of weight w, i of weight w + dm m—1),and 7 of weight 
w+ was given. 

We shall now express ‘| in terms of the(”) andthe * | , where the complexes 
p and « are of weight w,i is of weight w + 3770 ( m—1), and 7 is of weight 
w+ in(n—1). 


By using the theorem of corresponding matrices and by the use of the matrices 


employed in the former paper and the additional matrix 


B, 1 
pet get... | 
n lines), 
where the §’s are the roots of 
d(x) = ba" + b,x" + = 0. 
we have, for A = 012---m—1, 
(25) fi} =(—1)*oli 
where 
m( m+ ] ) . 
= 
= (mod 2). 
Also 
therefore 
96 (2) 1 w i,, 14, 2 
and hence 
27 P| = the coefficient of in (—1)"d 
Since 
n(n—1) 
ae ee 1| is a linear function of monomial symmetric 


functions of weight w, and from the quotient of this division one infers directly 
the expression for |'| as a linear function of the coefficients in the different 


symmetric functions of weight 2 (cf. § 8). Hence 
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i coed KK. ++ +K 


and since (”) = (*),* we have 


i : Pp K K 


~! 


« 


where the complex « begins with i, and then 
runs through each succeeding partition (containing n elements) + in the sense of 
$7,2. A table containing coefficients ||*|| for weight w, is called a quotient 
table for weight w.t What has just preceded shows that Dr. TayLor’s product 
table is the author’s quotient table, with conjugate columns interchanged, § for it 
gives the multiplier |*|| by which the symmetric function (« ) and therefore the 
individual coefficients in its expression in terms of elementary symmetric func- 
tions are to be multiplied in order to obtain |}|. But this is the coefficient 
which Dr. Tay.or seeks. The exact relation between the two, using the writer’s 


notation, may therefore be expressed as follows : 


(30 


where the coefficient on the left is a coefficient in the author’s quotient table, 
that on the right, one in Dr. TayLor’s product table. We have in fact 


i K i 
=(-1E(*) 
=(-10(*) 


/ « \P 


by (4) and 


by (29). Putting the two expressions for ‘ equal to each other, and equating 


coefficients of (*) and writing « in the form 1%2”%.-.-n* we have the rela- 
/ 

tion (50), as stated. By using a theorem proved in § 7, 3, that the sum of the 

coefficients of every column in the table for weight w is zero, except for the last 


column, which contains only unity, it follows that in particular 


* This is the CAYLEY-BeETTI law of symmetry. See CAYLEY, Collected Mathematical Papers, 
vol. 2, p. 421. The writer has given a proof of it in the American Mathematical 
Monthly, vol. 6 (1899), p. 104. 

+ Tne number z is the order of (p). 


{ The author reserves for a future paper a consideration of the properties of such coefficients 
similar to that of the present paper for the coefficients of the product table. 

Z Since the complexes i = i; i2-- +i, and 7 = in+1°-+in+, Of (26) are conjugate to each other in 
the sense of § 7, 1. 


| 
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equals the sum of all monomial symmetric functions of weight w. Hence for 
any coefficient in the first column we have, 
(81) =(—1) + +- K,=w), 
P\ P2*** Pm 
or, by the CayLey-BertrTt law, 
123.---m 
(32) 
Pi Pun K P 
The reader may readily verify the foregoing discussion by reference to a table 


of symmetric functions in connection with the tables here given. Thus he will 


find : 
1234567 


In a similar manner we have by performing the divisions, 


01235 10 
(51) + (42) + (32) + 2(412) + 2(321) + 3(31°) 


012345 

+ 2(2°) + 3(2*1*) + 4(21*) + 5(1°), 
515545 = (42) + + (417) + 2(321) + 8(31°) + 8(2°) 


+ 4(2°1°) + 6(21*) + 9(1°), 


and these give the multipliers for forming the coefficients, in the product, by 
the symmetric function table, in the second and third columns of our table for 


023457 


weight six. Thus: | = coefficient of in 


01235 10 | 
b° 012345 


013467 
0'24 


By § 3, 2, for confirmation and comparison of methods, 


023457 O15 | 000015 
0'15 ~ | 023457 { ~ | 011112 


the latter result, since 2 must pass over three elements to the left, and this is the 
only way of making both complexes equal. = { = [003] =1, 

* This is the relation obtained by Murr. Its explicit expression is obtained in this paper in 
§ 6, (44). See also § 6, (45). 
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since 2 in the lower complex passes over the two preceding units, to make the 


two complexes equal. 


$5. Relations between the ts and the as. 


By ¢, we denote the sum of all the monomial symmetric functions of : 


weight w. Then one has 


(33) aw =a, 
1 


(34) 


1 
a, 


as identities in the a's, the zs and w. From (34), cleared of fractions, by 
equating the coefficients of 2", 
(35) at + a,t, +a,t,=0.* 


whence 


ad, a, a 
a, a, a 
(36) ayt.=(—1)" 9 


By developing the left member of (34) again in terms of «’s and x and 


equating coefficients of x”, we have 


(37) a‘t tA 


where A. +A, +--- +A =A, +2A,4+--- + =w. From (36) and (37), 
1 l 2 ‘ 


we get, 
(38) 


In Determinants,} it is shown that 


Cf. BURNSIDE and PANTON, Theory of Equations, second edition, p. 297. 
t By the symmetry of (35), a, is the same function of the ?’s, that ¢,, is of the a’s, and we 
note two expressions for the a's similar to (36) and (37). 
, Edition of 1882, p. 170, § 125. 


; 
t 
l 
> 
ae 
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where the meaning of the subscript ¢ is obvious. Hence 


or 
i iL 

( = 
(4 J) p ( 1 as 


We have, as an important inference from the preceding relations, 


whence 


(41) 


This leads us to inquire whether, more generally, 


By multiplying the right hand determinant by w*“~*”, (the 7th column by 
zw“; the rth line, except the first, by u\'~*-), we have, denoting the determinant 


by 


um 


hence 7 is isobaric and of weight 


r=) r=m-+1 r=1 


2O3 


—A,}.. 
m 


/ 
t t. 
av fi} =(—1)"{7}_, 
>, (i, —2,). 
r=] 
Similarly the left hand determinant is isobaric and of weight 
> 
r=m-+1 r=} 
That equality may exist, it is at least necessary that 
Since, as previously proved (1. ¢., p. 2), 
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this requires 


(43) 


which is not generally true, unless n=m , when it subsists, as’, =A, 
But that the proposed relation is not generally true even when n= m, is seen 


by taking m= n= 4,A,=2,A,=3,A,=5,A,=6. Then, (i=2,5,6,7), 


t, aoa a a 
t t t, 0 a a a, 
as as =a, a 4G, 
0 0 t 0 a a a, 
0 0 ¢ ¢ 0 O a 


Therefore equality is impossible as the latter determinant contains a,, While 
the former does not.* 


$6. A general expression for 


Using (38) and (41) and putting the complex p, p, ---p,, = 0°1"2"---m™ 


we have 
P\Ps Pr | m 


a singie explicit formula for the coefficient in the first column of our table.+ 
It is also the summation of the coefficients in the symmetric function (p) 
excepting the factor (— 1)", for by (32) and (44), we have 


with i, +i,+---+i,=m. 

By using the form (40), we can express other coefficients as sums of the 
form obtained for the first column, when a" {i _is expanded. If 


1 itn 


* We note however the existence of the relation 


where the indices of the lines of the determinants are consecutively decreased by unity, and 
where 7 and 7 are of order n, and i and 7 are of order m. 
t See footnote to § 4 (32). 


5 
| 
i i}, i}. 
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the last quarter of the table has been computed, we have this expansion.* In 
general, if |'| be among the first three-quarters of the coefficients of the table, 
and |i, .,---d,,| heads the conjugate column among the last quarter, then all 


coefficients in the same column with |'| can be found from the function, 


and we have, 


where i,,,---i,, are the indices conjugate to i,i,---i,, and where 


2m m 
is any permutation of p, p, ---p,, such that 


p, of the e’s are 1, p, are 2, --- 


M+ = Qos o, of the are 1, are 2 


Thus we find for the second column, (> 1), 


02-.-m—1 
Pi 
for the third column, (m > 3), 
013 .--m—2mm4+1 ( 1)! 
(49) 
+---+2,—2)! (2, +---+%,—1)! 


and for the fourth column, (mm > 5), 


0124...-m—3 m—lmm-+1 


P 
= +.---toe —2Z2)! (29 —LY! 
(00) =(-—1 ( ' ' ' + 


The computation includes the self conjugate column or columns. In the last quarter of the 
table 7,172" | is usually +1, —1, or 0, is practically a sign factor in most cases and its value 
is seen at once by writing down the notation, by means of § 3, 2. 

; It will be seen that the ¢’s play here an analogous role to that of the s’s in the expression of 
a monomial symmetric function. 


q 
i 
+ 
| 
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m 


§ 7. Constructed tables of coefficients. 


1. If p,p, ---p, is any partition of weight w, the partition ... 
is the conjugate partition of weight w, and it follows that the first is also the con- 
jugate of the second partition. -The complex p,, p,_,+1,---p,+2—1,and 
that one got by taking the numbers of the series 012 --- m+” —1, which 
remain after the complementaries of the former complex with respect to 
m +n—1, have been rejected, are obtained from the preceding conjugate par- 
titions by adding 0,1, 2,---n—1l and 0,1, 2, ---m—1 to their respective 
complexes arranged in ascending order of magnitude, and where m = p,. The 
first complex is evidently obtained as stated. The complementaries of its ele- 
ments are the factors of the symbolical product of elements 


I] (m+r—p — 
1 
All other elements but these arranged in ascending order of magnitude are the 


n+ 1 factors of the product 


II 


where the 7 + 1th factor is a product of p,— p,_, consecutive elements, and 
where p, = m, p,., = 0 and where any r + Ith factor containing negative ele- 


ments, or elements in descending order is to be rejected. If from the factors of 
this product we subtract the corresponding factors of 012 ..-m— 1, similarly 


expressed as 


a product of x + 1 factors in which the (7+ 1 )th factor is the product of 


P, — P,., consecutive elements, we have for the (7 + 1)th factor of the remain- 
der , and hence the remainder is 


n n 


0 1 


as was stated. On this account such complexes are called conjugate complexes, 


and alternants or determinants which have them for first line indices are called 


* In these formulas terms containing negative factorials are to be placed equal to zero. 
t The zero elements can be omitted as they merely call attention to the fact that m — p, places 
in the partition are not filled. 


| 

| 
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conjugate alternants or determinants. When » = m they are called principal 
conjugate alternants or determinants. Every complex has one principal conju- 
gate complex and an infinite number of other conjugate complexes. Analogous 
statements are true of alternants and determinants. Thus |1234) and |0127 
are principal conjugate alternants, {1234} and { 0127)! principal conjugate 
determinants. Among the principal conjugates occur self-conjugate complexes, 
alternants or determinants. Thus { 01347 } is a self-conjugate determinant. 

2. For purposes of tabulation of coefficients, we write in a column at the 
left the different symmetric functions (partitions) of weight m, with conjugate 
partitions equidistant from the ends, and with the exception of the self-con- 
jugates which will come in the middle, we arrange the upper portion in order 
from the least to the greatest distribution. That distribution is least, the num- 
ber of elements being the same, which comes first in lexicographic order (e. g., 
52 comes before 43), and the number of elements being different, that which 
has the least number being first (e. g., 43 comes before 51°). It follows by 
considering the conjugates of two consecutive partitions, that the lower portion 
of the column will then be arranged, so that either a partition with the same 
number of elements as the next comes first in lexicographic order, or one with 
Sewer elements precedes, or if one with more elements comes first, it will con- 
tain a greater element than the following ones. For of two consecutive parti- 
tions, the complexes are either of the form 

(52) 

and the respective conjugates will occur in the order, 


(53) 


a 


or they are of the form 


(54) 

and their conjugates will occur as 


(55) 
In the first case a conjugate partition with the same number (a,) of ele- 
ments lexicographically or with fewer elements (one less when « =1), in the 
; 


second case one having a greater element (r + 1) precedes. 


| 
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We next write in a horizontal line the same partitions, beginning at the bot- 
tom of the column and setting them down in the reverse column order from 
right to left. Above each one we place the complex obtained by adding 
012 ...m —1 to its elements, zeros supplied to bring the number up to m, and 
all arranged in ascending order of magnitude before adding. These complexes 
give the indices of all the alternants possible in all of the products A¢, where 
¢ is any monomial symmetric function of weight m, and A = |012---m—1)}, 
or also the first line indices of all determinants possible in all products a” ¢, 
with conjugate complexes equidistant from the ends. Since the different parti- 
tions are the diagonal indices of $3, 2, the coefficient of any alternant which 
corresponds to a partition earlier than the function is zero, because the lower 
complex will contain either fewer or greater elements, hence by the operation of 
$3, 2 it is impossible to make the lower equal to the upper complex ; for, in the 
one case, while that operation can diminish, it can not increase the number of 
elements below, and in the other, while it can increase the element in the last 
place by passing it over preceding elements, it can not diminish it. Thus we 
have generally proved, if precede Pp, 


(56) |=o. 
"9°" 
The last coefficient which can have significance in a horizontal line is evidently 


the one 
(57) pe |=1- 
Pm 
The formulas (56) and (57) taken together show that our coefficients all lie in 
a triangle of the table, with the bounding diagonal of ones for its hypothe- 


nuse. * 


3. The sum of the coefficients in every column is zero, except for the last 


column which contains only unity. Since |*| = {4%}, the coefficients of the 
column headed by the complex «, are the different coefficients in the develop- 
ment of {«'. Ifthe a’s are put equal to unity «| = 0, except for the last 
column, where { 012 .--m—22m—1)} =1; hence we have proved, 


where the «’s are any complex of column indices, but the last, and the p’s run 
through all partitions of weight m. This property affords a useful check in 


computing the tables. In accordance with the construction here explained and 


The triangle property would still hold for a table arranged in strict dictionary order, for 
then by $3, 2 i 0, if g precedes p. 


a 
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by the various methods of computing previously discussed, tables are given in 
this paper up to weight seven. 


§ 8. On the quotient of two alternants. 
The coefficients of any symmetric function in the quotient of an alternant 
«| by the alternant |012---m— 1), both being of order m, can be found as 
follows : 

1. If the given alternant is in the table, let r be the number of removes of 
the symmetric function from the last line in which the alternant has a coefficient. 
Let s be the number of partitions in the table from this line to the end. Then 
the coefficient of the symmetric function in the quotient 

times the determinant formed by taking the next 7 —1 lines (r —i + 1 ele- 
ments at the end from the ith of these lines) and for the last line 7 elements 
immediately above the 7 elements first chosen, with their signs changed. Thus 
the coefficient of (31°) in the quotient, 


1-1 0 1 
(__ = 3 (see § 4). 
012845 | is (—1) _¢ , ‘ . 3 (see § 4) 
—1 0 1 1 
In fact if we multiply the different symmetric functions ¢,, ¢,, --- involved by 
undetermined multipliers u,, «,, --- and then so determine the y’s that 


012.--m—1| 


we shall obtain the result stated. 
2. If the given alternant is not in a table, we take the difference 


9 
K,k,—1K,—2---« —m+l1 


of the complexes in the dividend and divisor and note the weight and partition 
of the complex, then we turn to the table of the given resulting weight, and 
take the column headed by the resulting partition and proceed exactly as in 
ease 1. The explanation of this will appear in the next section. Thus the 
coefficient of (31°) in |012 is 8. 
$9. On the invariance of the coefficients |} 

In $7 we have supposed the alternant |012---m—1) to be the multiplier 
of the symmetric functions of weight m. We will now show that the shole 


Trans. Am. Muth. Soc. 14 
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product table for weight m remains absolutely invariant and still gives the 
complete product, if the column headings be merely altered suitably, when 
012---m +r —1) is used as multiplier. In fact by § 3, 2, 


mtr 1 2 m 


m 


To be significant the lower complex on the right hand side must be of weight 
m, must therefore contain at least 7 zeros x, «,—1---«,—7 + 1, and is some 
partition of weight m. Of such partitions however only those of the table exist, 


hence omitting zeros, 


(60) 


‘\r 


where the right hand member of (60) is a coefficient of the table. By adding 
the elements of a partition of the horizontal line arranged in ascending order to 
the same number of elements at the end of 012 .--m+7—1, we obtain the 
new column heading. Thus the table for weight w is a table for an infinite 
number of products.* 

If the multiplier is |012-.-.m—*r— 1}, then it is evident as before, that 
the table still gives the coefficients for those columns headed by a partition not 
containing more than m — 7 elements, but that for the rest the multiplication 
will have to be indicated. From the invariance of the product table follows 
also the invariance of the quotient table. 

Examples : 

1. To find | 0123456789 | (321°). 

We turn to the table of weight seven, and add 1’, 21°, 271°, 2°1, 31‘, 321°, 
to 0123456789 and obtain the complexes of the alternants in the product, and 


in the line 321%, the respective coefficients and have, 
0123456789 | (3212) = — 12/012456789 10! + 6| 012356789 11 
(61) + |01234678 10 11! — 2| 01234579 10 11| — 3 | 012346789 12 

+ |01234578 10 12). 


m 


2. (62) 01|(4) = + | 05) + a, | 01). 


This invariance also appears from the standpoint that the table is also a table for symmetric 
functions. Using different alternants as multipliers in the manner indicated is equivalent, by 
the theorem of corresponding matrices, to multiplying the function by different powers of a), 
which can not affect the coefficients, since, as is well known, they are not functions of the 
powers of 

The table also retains its invariance when the multiplier is |7,2+1,---m+r+2—1], 
i. e., when each of the indices of 012---m--r—1| is increased by the same positive integer 7. 


t 
| 
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If we limit example 2 to a quadratic, = 2,=---= a, = 0, and the pro- 
duct is complete with the first two terms; this is another way of looking at 
this case. 


$10. The table as a table for symmetric functions. 


By (6), the second of the theorems’ mentioned in § 1, our table becomes a 
table for the expression of the symmetric: function a” (p) as a sum of determi- 
nants of the a’s of the mth order when conjugate column complexes are inter- 


changed, and all the coefficients have been multiplied by (—1)".* As the coef- 


ficients in the expansion of the given determinants are already found in the col- 
umns headed by their first line complexes of indices, we have only to take these 
coefficients with their partitions at the left interpreted as a’s, and multiply by 
the coefficient of the determinant and take the sum of all such determinants in 
order to get a'*(p). Thus our table becomes a table for expressing (p) in 
terms of elementary products (ef. § 1). 


o 


Examples : 


1. To find a°(271°). From the table of weight six we find 
(63) a’ (2°1*) = 6 {01234 11} —3 { 01235 10} + { 0123869}. 
By the same table : 
{01234 11} =a’a,, 
{01235 10} = —a@a,+ aia,a,, 
‘012369 } = — a\a,a,+ asa,a,. 
Introducing these values in (63) and dividing by a‘, we get 
(64) a = 9a,a, — 4a,4a, + a,d,. 


2. To find (31°). Put a,=1; from the table of weight 5, by changing the 
signs of all the coefficients, since (— 1)" = (— 1)’ = — 1, we have proceeding 
as before, 

(65) (31°) = — 3 {01239} + {01248} + | 01257} — {01347 } 
or 
(66) 4,4, = — 5a, + a,a,+ 2a,a, — a) a,. 
* If the column complexes and the coefficients are used unchanged, then ( p) is expressed as a 


sum of determinants in the ¢’s, on account of the relations (41), 7 5, and the expansion of these 
determinants is given by the table by interpreting the partitions at the left as ¢’s. 


i 
j 
4 
5 
q 
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$11. Seven product tables. 
We give here product tables from weight one to weight seven inclusive. 


WEIGHT 1. WEIGHT 2. WEIGHT 3. 


(1) (H) | (2) (18) | (21) (3) 
0 qa) 1 1 012 (3) 
ay) (1?) 1! a; (21) 2 1 
(1%) 1 
WEIGHT 4. 
(14) (212) (31) (4) 
4) 1 0 —!1 1 
| 0123 (31) 2 1 —1 1 
as (2 1 —1 1 
(212 3 1 
14 1 
WEIGHT 5, q 
(1 21 (271) (312 2) (41) ) 
1 —1 0 1 0 —!1 1 
il 2 1 1 1 —1 1 
01234 
‘ 2) 2 2 1 —1 1 
a, 
1 3 1 —1 1 
271 3 2 1 
21 4 1 
1 1 


| 
| 
| 
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WEIGHT 6. 
16) (214) 2712) 12%) (321) (Ail ( (42) 
(6) —1 1 0 0 -1 0 1 0 0 1 l 
(51) 2 —1!—1 0 1 1 1 0 —1 1 
(42) 2 —2 1 —1 1 0 —1 —1 1 


012345| (3°) 1 


ay 112) 1 1 —1 1 1 
(321) —6 4 0 2 2 1 
(315) | 1 1 0 1 


WEIGHT 7. 


8/81/8188 
(17) (215) (2213) (231) (314) (8212) (322) (418) (321) (421) (51%) | (43) (7) 
(7) _ 0 0 1 0 0 —1 0 0 1 0 0 —1 1 
(61) 2 1 1 0|—1 1 0 i 0 1 —1 0 —1 1 


52) 2 2 1 1;—1 0 1 1 1 0o—1 —1 1 
(43) -2 2 0 —1 2 1 1 1 1 —1 0 1 


x (2) —4 2 1-1—2—1 1 
a’ 39 2 1 “4 
(413) —4 1 1 1 —1 1 0 1 
2?) 3 3 2 1 1 1 1 


(3212 ) —12 6 1—2 —3 1 

(314), 1 1 
(231)' —4 3 —2 1 

213) 10 —4 1 

(215) —6 1 

(17) 1 


SYRACUSE UNIVE 


November, 


ERSITY, 
1903 


(23) —1 l 1 1 

2212) 6 3 1 
: (214 5 l 

12) 3 1,;—1 —1 1 1 1 —1 0 1 1 

4 


THE GROUPS OF ORDER p*/" 


BY 


F. N. COLE 
$1. Jntroduction. 


The researches of Fropentus} and BurnsipeE,¢ familiar to all students of 
the theory of groups, bave established the non-existence of simple groups of 
orders pq® and p’q®, p and q being different primes, and the consequent solv- 
ability of all groups of these orders. In the following paper I show that all 
groups of order p*q® are compound, and therefore also solvable. For convenience 
of reference I place at the beginning of the discussion the two following theorems 
of which repeated use is made in the subsequent reasoning : 

I. A simple group © of order g = Pe sp and q being different primes 
and p> q, cannot contain any subgroup 9 of order h whose index g[h in & 

In view of the results of FrRoBeENrUs and BURNSIDE cited above, we assume 
that a> 2. 

The case g/h < p istrivial. Here every group YA of order p* in ( transforms 
every conjugate of § into itself and ( is certainly compound. Again, for 
g/h=p, h=p**q’, every subgroup of order p*' in transforms and 
therefore every conjugate of into itself, and (§ is again certainly compound. 

Suppose, now, that & is the largest subgroup of ( that contains § and is less 
that (. Since ( is simple, 8 is invariant under only those elements of (§ which 
are contained in 8. The index g/k of & in@ is = g/h and > p; & has g/k 
distinct conjugates in 

1) Let g/k=pq7'(9<q' <p), k=pr'¢. Having less than p* conju- 
gates in (§, ® contains a subgroup of order p*~' from every group Xf of order 
p*in G. Every subgroup of order p*—' of & is permutable with every subgroup 
£ of order g®~'‘ of R. Y is invariant under a subgroup of ( of order g*®-**', 
and this transforms & into at least one conjugate S’ of &, different from 8. 


* Presented to the Society February 27, 1904. Received for publication February 1, 1904. 
t Fropenius: Berliner Sitzungsberichte, 1895, p. 185; cf. Acta Mathematica, 
vol. 26 (1902), p. 198. 
t BURNSIDE: Theory of Groups, p. 348. Cf. JoRDAN, Liouville’s Journal, ser. 5, vol. 
4 (1898), pp. 21-26. 
214 
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R and §’, having Y in common, have no group of order p*~' in common. Then 
¥ is permutable with two different groups of order p*~' contained in the same 
group 9 of order p*, and is therefore permutable with Y. Y and Y generate a 
group of order p*qg*~ contained in (§ and having < p conjugates in (). 

2) Let ( <= p p* Asin 1), every conjugate of & 
contains a subgroup of order p*~' from every group YX of order p* in 6), and 
every subgroup & of order g*~ of & occurs also in a conjugate \’ of & different 
from &. S and §’ have in common the group ¥ and a group of order p*~' from 


every group 1 of § or St’; their greatest common subgroup D is of order p*~! g°~. 


All the conjugates of D in & or MR’ are obtained by transforming D by any 
group Y% of RX or R’. Hence all the subgroups of order p*~' in D are common 
to all the conjugates of D in KR and ’. The subgroups of order p*~' of D gen- 
erate a group invariant in & and in ’, and therefore in a group i contained 
in and containing and> Then Y= (, and ( is compound. 

Il. Jf a simple group © of order g = pq’, p and q being, as in I, differ- 
ent primes and p> q, contains a subgroup & of order p'q/ where 1 <q°~ <p, 
then § is contained in a subgroup & of of order («# 

Suppose that the largest group containing § and contained in (§ and < (S is 
R of order k = p'**q/'"(j+y<A); Mis invariant under only those elements 
of ( that are contained in %; having < p*~'~**' conjugates in (, Si contains a 
subgroup of order p'** from every group Y of order p*in G. Ifi+a=a,& 
is compound, by I. If i+ a <a and j+y <8, a subgroup of order 
of & occurs in a conjugate Si’ of & different from S.  ¥ is permutable with two 
groups of order p'** from the same group Yt; these with ¥ generate a group YN 
of order p'****g/*”(z> 0) containing and contained in ( and < (; but 
this is contrary to assumption. 

A simple application of Theorem II is afforded by the groups of order 
PY? (p>q>2). A-simple group of this order must contain p* subgroups 
% of order g°, p cf which have a common subgroup D of order g/(7 > 0) in- 
variant in a group of order py 0): pr 1 is divisible by and 
p—1 by q¢’, hence p — 1 is divisible by g?~": D’ is contained in a subgroup of 
order pg® of (. But then (§ is compound. The theorem controls also the 


vase ¢ = 2, except in the single event that s=1 and p+1= 


2. Preliminary treatment of the groups of order p*q¢°. 


A simple group of order ( p = can oceur only if a> 2u, being the 
lowest index for which p* =1(modq).* For «= 38, we can only take » = 1. 
A group @ of order can be simple only if » = 1 (mod q); also 8 > 


where = 1 (p), therefore > p’. 
* BURNSIDE, Theory of Groups, p. 345. Cf. FRoBENIUS, Acta Mathematica, vol. 26 (190~), 
p. 194. 
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A simple group (% of order p*q® must contain either p* or p* subgroups B of 
order g®. Since g° > p’, the elements of these subgroups B cannot be wholly 
distinct in either case. 


If (§ contains only p*? subgroups B, and if two of these are so chosen that 
the order q’ of their greatest common divisor D is a maximum, then PD is inva- 
riant in a subgroup D’ of ( whose order is p’q’** (# = 1, 2; s> 0) and which 
contains exactly p groups of order q’*'. Here p? —1 is divisible by ¢°~’, 
therefore p+ 1= (If ¢ +2, p—1 is divisible by g°~’, and D’ has 
less than p* conjugates in ( unless x =1. For odd q, the discussion can 
be greatly simplified, as in the ease of order p*qg®). Each of the p*“¢°~'~ 


conjugate groups 7D occurs in exactly p of the groups B. If each of the p* 


groups ¥B contains / of the groups D, the total number of the groups D is 
Pk = hence k = If now = 1, each group con- 

tains pg®~’—* groups D; each of the latter is contained in p — 1 other groups B 


and no two of them occur together in any second group B. But there are only »* 
of the groups B and < p —1) 41, unless 1,r+s=8. 
Then 2D’ is of order py® , has exactly p* different conjugates in (§, and therefore 
contains an element /? of order » from every subgroup YX of order p* in 0). 

Let 4 be any subgroup of order p* in (, and let 8 oceur in D’; having only 
conjugates in B is invariant under an element of order p in is 
also permutable with a subgroup YX of order p in Yt not containing P. LP 
transforms PD’ into a conjugate of TD’ different from PD’ and containing the 
group P-'A, P, which is different from Y, but is contained with Y, in a sub- 
group of order of A. BY is permutable with both and P-'Y, P and 
therefore with and generate a group of order p*q® contained in and 
having only p conjugates in (%. 


? 


Again, if «= 2 each group ¥ contains ¢ ‘of the groups D. The p 


groups B which have subgroups of order g’** in a same group PD’ contain 
p(q?"~ —1)+ 1 of the groups D, and these are transformed among them- 


selves by every element of order pin D’. All the elements of order p in TD’ 
are therefore permutable with each of the remaining p—1 groups D; they 
generate a group which is invariant in p groups D’ and therefore in a group Mi 
of order = 9, 1) contained in If y=1, Yihas at most p +1 
conjugates in. And if y= 0,¢t>0 and Wi has at most p(p + 1)/¢ <p’ 
conjugates in (. 

(§ must therefore contain p* sub-groups 8. The maximum greatest common 
divisor D, of order q’, of two of these is again invariant in a subgroup D’ of 
order 2) of Here p* —1 is divisible by g?~’, and p—1, 
being divisible by ¢, is divisible by g°~’—' (in fact by g°~" if ¢g + 3). Then, by 


the reasoning employed in the proof of Theorem I], if r+ s <8, D’ is con- 


tained in a sub-group of order p*q? of (}. Hence r+ s = Sand D’ is of order 


| 
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pq®. Each group TD is common to p groups 8. If each group 8 contains & 


groups D, we have p*k/p = p’, hence = 1; each group D’ contains precisely 


one group D. Each group ¥ occurs in only one group D 
$3. Final Investigation of the Groups of Order pq’. 
Each of the p* groups 8 of ( transforms among themselves the »’ — p conju- 


gates of B not contained in the group D’ in which B occurs. Let D’, and Y 
in D’, be so chosen that a subgroup A common to ¥ and a conjugate of BY not 
contained in D’ is of the largest possible order, and let this order be g?. Then 


divides —p, and therefore divides p*—1; p>>0, and in general 
p> the only exception occurring when g = 2 and p + In 


this exceptional case 8 — r = 1, TD is of order 2°~'. 


o 
ge 


The group A is common to two groups BJ from different groups DT’. A is 
invariant under subgroups Ji, of order ¢, > 0) of these two 


groups B. i, and Yi, cannot be contained in any subgroup of (% of order g? 


(7 > 0), for this subgroup would be common to two groups D’ and therefore 
to two groups B contained one in each of these two groups D’. A is invariant 
in a subgroup A’ of order (42, > 0) of Any subgroup of order p* 
of A’ transforms D’ containing A into precisely p groups D’ each containing A, 
for A cannot occur in all the p* groups D’. A’ has one or more subgroups of 


order g°°% common with each of these p groups D’, and no subgroup of order 
q?'7(t> 9) common with any other group D’. Hence A occurs in precisely 


p groups 2’. 
1) If p> q°-°"" or if ¢ > 1, then by Theorem II, A’ is contained in a sub- 


group WN of order pg® of ( (the order p*q*® being inadmissible). i contains 
p groups B having A as their common subgroup ; A is invariant in Mi, Pi = A’, 
p+o=8; andJ has p’ conjugates in(}. If each group D’ contains / groups A, 


then since each group A occurs in p groups D’ we have p*h'/p = p*, hence k = p. 


If now two groups D’ have more than one group A in common, their greatest 
common divisor € is of order pq? and contains p groups A; these are all the 


; © is the smallest group that contains 


groups A contained in the two groups D’ 


them; © is invariant in both groups D’ and has < p” conjugates is (. 
If no two groups D’ have more than one group A in common, the p groups A 


contained in any group 2’ are distributed among p(p—1)+1 groups D’, 


and none of them occur in p— 1 groups D’. All the elements of order p of a 


group D’ are therefore permutable with each of » —1 other groups D’; these 


elements of order p are common to p groups D’ and are all the elements of 


order p of any of these p groups D’; they generate a group invariant under the 


p groups D’ and having < p* conjugates in (. 
2) It remains to consider the special case = 2, 


r=8—1. Let D’, be two groups having a group A in common. A 


= 

| 
| 

j | 
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, and D), since either of the latter 
would then transform the other into »2°-* > p? conjugates. The greatest com- 


vannot be the greatest common divisor of T 


mon divisor © of is therefore of order p2?. 


Suppose first that € contains only one group of order 2°, that is, that A is 
invariant in ©; then A’ contains ©. If A’ were of order p2°*', © would be 
invariant in A’ and would contain every element of order p of A’; whereas A’ 


must contain an element of order p or p»* which transforms Dj; into D). Hence 


A’ is of order p?2°*', and A has p2°-°-! = p( p+ 1) conjugates in . If each 


group 2’ contains / groups A, we have p?k/p= p(p+1),k=p+1. Since 
A is invariant under an element p of D’, A is contained in the group D occur- 
ring in D’; the p+ 1 groups A occurring in D’ are conjugate in D’ and are 


therefore all contained in D. No two groups A occurring in the same group 
DP’ can occur together in any second group D’. The p groups D’ which have 
A in common, contain p* + 1 groups A, and do not contain any one of the re- 
maining »p — 1 groups A. A’ transforms among themselves the p* + 1 groups 
A oceurring with A in groups D’, and transforms among themselves the remain- 
ing » — 1 groups A. All the elements of order p or p’ in A’ are permutable with 
these p — 1 groups A; they all occur in p groups A’ and are all the elements of 
order p or p* of each of these groups A’; they generate a group invariant under 
p groups A’ and having < p* conjugates in (). 

The group € common to any two groups D; and PD) must therefore contain p 
groups 4. No group A is contained in a group 2, for then A would be 
invariant in ©. Since D is of order 2°~', A has a subgroup = of order 2°~! 
common with D. S is invariant in ©, since © cannot have two groups of 


order 2°-' common with D. © is also invariant under subgroups of order 


~ 


> 


(7, 7, = 0) of D, and D,, and therefore under subgroups 


2, 

of order p2°*", p2e-(7,, tT, > 0) of and Dj respectively. and 

vannot both be contained in a group of order p2°** containing ©. The largest 

group S’ contained in (§ and containing = as invariant subgroup is therefore of 

order p*2°*", where we must take r= 1, by virtue of Theorem Il. <’ trans- 

forms D’ containing = into p groups DP’ containing = and has p2°*' elements 


in common with each of these p groups D’. S does not occur in any other 


group DP’. For any group of order p* in =’ could transform D‘ into only p 
groups D’;: S’ would have an element 7 of order p common with D.; |, being 
invariant under P, would be contained in D, and would be invariant under a 


group of order 2° of D,; this group of order 2° would occur in S’ and therefore 


in one of the p groups D’ into which =’ transforms D/; and this would lead 


to the case already disposed of where © contains only one group A. 

The group S has p( p +1) conjugates in ( and p+ 1 conjugates in each 
group D’. The p(p+1) groups =’ are all different. The »p + 1 conjugates 


of = which oceur in D’ are conjugate in D’ and are all contained in D. No 


~ 
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two groups D’ can have two groups = in common, since this would again lead 


to the rejected case where € contains only one group A. The p groups D’ which 
have S in common contains p?+1 groups ©. S’ transforms these p* + 1 
groups S among themselves. All the elements of order p or p* in S’ are per- 
mutable with each of the remaining p—1 groups S; they generate a group 
invariant in p groups ©’ and having < p* conjugates in G. 
COLUMBIA UNIVERSITY, 
January, 1904. 
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GREEN’S THEOREM AND GREEN’S FUNCTIONS FOR CERTAIN 


SYSTEMS OF DIFFERENTIAL EQUATIONS* 
BY j 
MAX MASON 


The Green’s function, defined originally for the potential equation, has been 
generalized to apply to the linear differential equation of second order of the 
elliptic type.{ In the present paper the further generalization of Green’s 
theorem and function to certain systems of differential equations will be made, 
and, the existence of the Green’s functions being postulated, theorems regarding 
them will be established. 


§ 1. Green's Theorem. 


Consider the system of differential expressions 
(1) ( = Au, + + + (i=3,3, ---, 8}, 


where A is the Laplace operator; «,, 4, ¢, are continuous functions of 2, y ; 
and a,, ).. have continuous first derivatives. 

Let uss v, be any functions of «, y which, within a region 2 and on its 
boundary, possess at every point second derivatives with respect to # and second 
derivatives with respect to y. The use of the ordinary formulae for integration 
by parts gives, after rearrangement of terms, the following Green's theorem for 
the system (1 hs 


| u, M,( v.)}dudy = | ( Ody — Pdx 


where S is the boundary of the region 2, and 


- | (av ) O(a,.v ) | 


* Presented to the Society September 1, 1903. Received for publication October 31, 1903. 
tSee Encyklopidie der mathematischen Wissenschaften, ILA7c (SoMMER- 7 
FELD), 73. 
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P= v; cy ‘dy + b., 
¢ j=l 
Applying the formulae : 

dy dx 

dx dy 

ds dn cos(n, 


where s is the length of are 


along S and n the outward drawn normal, the fol- 


lowing form is deduced : 


> 


i=1 


-> 


i=l 


u,)— u,M,(r,, v,)} dudy 
2) 


Cu. Ov. ~ 
f ! on On + [a,,cos(n, x) + b,cos(n, y)]u,¢ds. 


The system of differential expressions 1/,(v,, -- 
joint system to L,(u,, ---, u,).* 
system L, being adjoint to W/,. 


-, v,) will be called the ad- 

It follows that the relation is reciprocal, the 
The conditions that the system L, be se/f ad- 
joint are easily seen to be: 


a.=—a., b. = —b., 
y Jt y ji 
ob, (é, j=1, 2, ---, 2). 
~ = C..— C.., 
cy Jt 


§ 2. The Unique Determination of Solutions by their Boundary Values. 
As an application of (2) let us consider under what conditions a set of solu- 
tions + of the system 


(3) 


+++5 U,) BA -,n) 


within a region 2, where the /. are given continuous functions of x, y, are 


uniquely determined by their boundary values. This is equivalent to asking 


under what conditions a set of solutions, not all zero, of the homogeneous system 


* Professor BOCHER, to whom I am indebted for many valuable suggestions and criticisms, has 
called my attention to the introduction by JoRDAN of adjoint systems of ordinary differential 
equations of the first order. JORDAN, Cours d’analyse, vol. 3, p. 144. 

+ By a ‘‘set of solutions’? within 2 we shall mean a set of functions which satisfy the equa- 
tions at every point of 2, thus demanding the existence of the second derivatives and continuity 
of the first. 
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(4) 


which vanish on the boundary, can not exist. 


Let the functions wu, of (2) be a set of solutions of (4) vanishing on S, and 
choose v, = u,. Then from (2): 


» Ou. \? Ou.\? 
u.M(u,,--:,u.)dedy=  ( ‘) +/( ‘) | deeds 
Ja | Cx oy } | 


| u, (4 o( Mj) | dx dy = 0. 
ld e Cx cy jij 


for, since the functions uw, vanish on the boundary, 


Ou Ca Cu 
au. ~’dxdy= — ( + dx dy, 

J Jig? J Ja Ox Ox ‘ 
and similarly for the other terms. The above equation then becomes : 
| Cu.\? Cu, \* | 
ti —— dedy 
izle | cr Cy 

Ca ob 
1 ji On 


The solutions of the homogeneous system (4) which vanish on the boundary 
are therefore all zero, if within 2 : 


Ca, Ob, | 
2. + — 2¢,, 8. 


cy : 
We have therefore the theorem: 
The solutions of the system 
+++, U,) =f, (i=1, 2,--+,n) 
within a region 2 are uniquely determined by their values on the boundary of : 
Q) provided that the coefficients a., b.., c,, are such that 
“ ji ji jt 


| 


j 
But 
—— ZC. rdi 
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is a positive definite form. 


3. Green’s Functions and the Law of Reciprocity. 


By Green’s functions of the system of differential equations 


(4) -++,u,)=9 2) 


for a region 2 of the x, y plane, we shall understand » sets of » functions of 
y, &,7), which have the following properties: 

Each set G,,(i=1,2,---,n) is, in the variables x, y, a solution of (4) 
within the region formed by excluding from Q the point x = &, y =n. 

The functions have the form 


= Ys E, ) (ki), 


G,, = log V(w-— EP + (y—n) t+ 0), 


where the functions R possess second derivatives with respect to x and y for 
all points within and on the boundary. 

Each function vanishes identically in &, n for values of x, y on the 
boundary. 

If the coefficients of the system (4) satisfy the condition of the theorem stated 
at the close of the preceding paragraph, the Green’s functions are uniquely 
determined. For if two sets G‘'), G'?) existed, the functions 


= 
i ki hi 


for any /:, would be solutions of (4) within the entire region O which vanish on 
the boundary. 
Denote a set of Green’s functions of the adjoint system 


(5) M,(v,5 %,)=9 (i=1,2,-+-,n) 


by 
The Green's functions G,, of the system (4) and H,, of the adjoint system 
(5) obey the following law of reciprocity : 


G,.(2,y¥,§.9)= IT, ( E,n,2,y)-. 


To prove this relation consider any two points &, 7 and &’, »’ within 2 , and sub- 
stitute in (2) for w,, the functions y, &,7) (i =1,2,---,”) 
and for v,,v,,---, v, the functions (2, y, &,')(k=1,2,---,n). Apply 
(2) to the region 2’ bounded by the boundary of 2 and two circles c, ¢’ within 


of radii r, about &, and &’, Since the functions G form a solution 


°°» 

| 
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of (4) and the funetions //7 a solution of (5) within 2’, and all the functions 
vanish on the boundary, (2) becomes : 


OH, (x, ys 


G,,(#, Ys E, 7) | ds 


Jj, A (e+ 0") 
+b, cos(n,y)}ds=0. 
This equation holds for all 7, »’ however small. Replacing n, ds by — rv, rd0 
on c and by — 7’, r'd@’ onc’ we have: 


OG. (x. y, 
ev r 


CH.(2, 


y,&,7') 


where 


lim R= 0, lim 2’ = 0, 


r=0 


for the products of r or 7’ with all terms except 0 G,,/Cr and ¢ H,,/Cr’ approach 
zero as 7 or 7 approaches zero, since these are the only terms that contain more 
than a logarithmic singularity. Passing to the limit r = 0, r’ = 0 we obtain 


by well known methods * 
which is the law of reciprocity. 
From this law the theorem is evident : 
If a set of Green's functions exists for the system (4) and for the adjoint 
system (5), then these sets are uniquely determined. 
If the system (4) is se/f adjoint the law of reciprocity becomes 


and it follows that the set is uniquely determined. 


§ 3. Integral Representation of Solutions. 


Let the w, in (2) be a set of solutions of the equations 


‘See e. g. PICARD, Traité d’analyse, vol. 2, p. 15. 
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within 2, and denote the values of w,on the boundary S of OD by @,;. For v, in 
(2) take the Green’s functions 7,,(7, y, &, ) of the adjoint system (5). 
Applying (2) to the rn =siun ©’ bounded by S and a circle c, within 2, of 
radius r about &, » we have, after replacing x, ds on c by — r, rd@, 


(n’) 


i=l VJ ch 


— + Bh 


i=1e/0 cr 
where 
lim( Rr) = 90. 
r=v 
In the limit r= 0 the term containing 0H/,,,/Cr is the only one which gives a 
value different from zero to the last integral. In the same manner as for a 
single equation we have then in the limit : 


(6) 2ru,(&,7) = >» + dy « 
2 


t=1 


The integral formula (6) gives the set of solutions of (3) within Q which 
assume the values ti, on the boundary. 
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STUDIES IN THE GENERAL THEORY OF RULED SURFACES* 


BY 
E. J. WILCZYNSKI + 


The congruence I’, which is made of all the generators of the first kind on 
the osculating hyperboloids of a ruled surface, has a great many interesting 
properties. Some of them have been considered in a previous paper.t We 
shall continue the consideration of this congruence and of configurations associ- 
ated with it, completing in this way some of our previous investigations very 
essentially. We shall also study the osculating linear complex, and the point- 
to-plane correspondence to which it gives rise, enabling us to generalize some 
well-known theorems of Cremona and Lie. 

For the most part we shall, in this paper, confine our attention to the general 
vase, when the flecnode curve intersects every generator in two distinct points. 
The case of coincidence will be left for a future occasion, as it requires the use 
of a different normal form for the equations than that here adopted. 

The notations are the same as in previous papers. To save space they are 
not again explained. 


$1. The derivative cubic curve. 


If «, and 2, are arbitrary, 2,7, + ~,2, will represent the coordinates of an 
arbitrary point on the generator g of the ruled surface, where (y,, z,) for 
k =1, 2,3, 4 are four simultaneous systems of solutions of our system of dif- 
ferential equations, whose determinant does not vanish. We shall usually write 
ay + %,2, suppressing the index /, as in previous papers. Of course this is 
essentially a form of vector analysis, which enables us to make one equation do 
the work of four. The point 2,p + ,o¢ of the corresponding generator q’ of S’, 


will then be such that the line joining it to «,y + a,z is a generator of the sec- 


* Presented to the Society (San Francisco) December 19, 1903. Received for publication 
October 20, 1904. 

t Of the Carnegie Institution of Washington. 

t On a certain congruence associated with a given ruled surface. Transactions of the Ameri- 
can Mathematical Society, vol. 4 (1903), pp. 185-200, hereafter referred to as Congru- 
ence. My other papers will be quoted by the initial words of their title. See Cvvariants, vol. 
3 (1902), p. 423, footnote. 
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ond kind on the hyperboloid 7 osculating S along gy. Therefore if 8, and 8, 
are arbitrary, 

ay + 4,2) + B,(a,p + 4,0) 
will be an arbitrary point of /7. 

If we choose the tetrahedron P, P,P, P, as tetrahedron of reference for a 
system of homogeneous coordinates, we may take them so that the codrdinates 
of any point represented by an expression of the form Ay + wz + vp + «eo will 
be =A, We have then 


= 8, = 2, = 8,4,, B. 
as the codrdinates of an arbitrary point on /7, and therefore 
(1) — = 0 
as the equation of Hin this system of coordinates. 
Let us consider now the hyperboloid /7’, which osculates S’ along g’. The 


coordinates of P, and P, were obtained from the system of differential equa- 
tions defining S by forming 


P=2y + Pes, = t 

We shall obtain the coordinates of two points on a generator g” of the deriva- 
tive of S’ with respect to a, by applying the same process to the equations 
[ Congruence, (15)] which define S’. The ruled surface S” thus obtained 
shall be naturally called the second derivative of S with respect tox. Its gen- 
erator g” is then a generator of the hyperboloid 7’ which osculates S’ along 
g'. The following quantities 
2p + Pypt Pye = + + Ay P + 
Pi p+ = Uy Y +A AWS 


(2) 


are the covrdinates of two points on q”. 
These equations show that 7” intersects g, if and only if ,,A,, — ,,r,, = 9, 
i. if A = v,,v,, — 


v,, = 0, provided we assume that S’ is not developable. 


12 “21 
By changing the independent variable one can always change A into A’ such that 
K=0. The equation for 7, [ Congruence, equ. (4)], which must be satisfied 
so as to make A’ = 0, is of the second order. Therefore there exist 2? non- 
developable ruled surfaces in the congruence T, each of which, when con- 
sidered as the first derivative of S, gives rise to a second derivative whose 
generators intersect the corresponding generators of S. 

Let us consider any point on g’, whose codrdinates are e,p + ¢,0¢. The corre- 
sponding point on g” will be given by 


(€, yy + (€, + €, Uy) 2 + (€, Ay + €,,,)p + (€, Ais +} 


| 

— 
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Therefore, the expression 

+ Ay + €, ) + 8,€, ] + [ 5, (€, Ay, + €, A.» ) +> 5,€, | 


will, for arbitrary values of ¢,, ¢,, 5,, 6,, represent an arbitrary point of H’. 
If we introduce again our special system of coordinates we have 


8 


= + 8, €,, = Ay 8, €, + Ay. 8, €, + 8, €,, 


as the codrdinates of an arbitrary point of 7’. If we eliminate 6,, 6,, €,, €,, 
we find the equation of H’: 


— Uy, [ Je, — ( Ajo og — — | 
(3) 
— ) [ Tory — — A May — My) = O- 
We shall mostly assume that P and P. are the fleenodes of g, so that 


u,, = Uy, = 0, and (3) simplifies into 


— Agy UT, MEA Uy, (yy — Ago ) Hy Ug Uy, ) =O. 


It is easy to see from (3«) that 7’ cannot coincide with /7, unless S is a quadric. 

The hyperboloids #7 and /7’ have the straight line y’ in common. The rest 
of their intersection is therefore, in general, a space cubic. We shall call it the 
derivative cubic, and discuss some of its properties. It is interesting to notice 
that we obtain in this way associated with every ruled surface, a surface con- 
taining a single infinity of twisted cubics. This surface we shall also consider. 

Let us again assume that P, and P_ are the flecnodes of g. Then, it follows 


from (1) and (3a) that we may take 


= tx, = J ( wi Uso LP == tx,, 


(4) : 
as the parametric equations of the cubic. From these, the following corollaries 
follow at once. Jf, —r,, = 9, the derivative cubic, and therefore the hyper- 
boloid H'’, intersects g in two points, which are harmonic conjugates with 
respect to the flecnodes. If 
(Ay, — Neg)? + 4A = 0, 

the cubic is tangent to g. The congruence 1 contains ~* surfaces S' cor- 
responding to each of these properties of the derivative cubic. For, the cor- 
responding equations for » are again of the second order. 

The equation of a plane which is tangent to H/’ at a point (2, x), 2,, x), 


P, and P, being flecnodes, is 


| 
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& + Uy, Us ( Ay — Avy ) + Uy, 
Consider the two points of g” which correspond to P, and P_, viz., 


The equations of the two planes tangent to S” or 7’ at these points respec- 


11° 11? 


tively, are 


Ugg Uy Uy Uy = 0, A Ay, Uy Uy = 0. 
They intersect ¢, i. e., the line x, = 2, = 0, in two points 
P, = Uo Ayo, 9,9), P= (Uy Ans 9,9), 


which coincide, if and only if 2,,A,, — A,,%,, = 9,1. e., if and only if g” inter- 
sects 7, as is moreover geometrically evident. /, and P, are harmonic con- 
jugates with respect to the flecnodes if A,,A,, + A,,rA,, = 9, i e., under this 
condition the planes, tangent to the second derivative at the points which 
correspond to the flecnodes of g, divide these flecnodes harmonically. 

The line P,P, has, besides P,, another point in common with //’. Its 
coordinates are found to be (0, w,,, A,,,9). Similarly PP, intersects 7’ in 
a second point (w,,,9,9,2,,). Join these two points. The codrdinates of 
any point on this line joining them will be (pz,,, Aw,,, AA,,, HA,,), Where 
determines the position of the particular point. It is easily seen, by substitut- 
ing in (3a), that this line is entirely on 7’ if A,, —A,, = 9, and in no other 
case, provided that S’ is not developable. We have therefore the following 
result. Corresponding to every point of S we have a point of S’. If 
each of the two flecnodes on a generator g of S be joined to the point of S’ 
which corresponds to the other, the two straight lines thus obtained intersect 
the hyperboloid H’ osculating S' along q' in two new points. The line join- 
ing these latter points lies entirely on H’, if H’ intersects g in two points 
which are harmonic conjugates with respect to the flecnodes. The converse of 
the theorem is also true. 

Let us introduce the following abbreviations: 


A= 2u,, Woy (Uy, —U,»), y= Bt; + 2 Ct,t, + Dt;, 
B=v C= }(u 


12 


6 


and let us write the parameter ¢t of the cubic curve in homogeneous form. Then 
we may write instead of (4), 
x, = Att,, = (Bt + 2Ct,t, + Dtz)t, = 


©) Att, = (Bt + 2Ct,t,+ Dt)t, = vt,. 
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If the cubic degenerates, each irreducible part will be a plane curve (a conic 
or a straight line). If therefore the cubic degenerates it must be possible to 
satisfy the equation 


for all values of ¢,: ¢,, the coefficients being independent of ¢,:¢,. If we sub- 
stitute in this equation the values (7), and equate to zero the coefficients of 
t, t,, ete., we find 


(8) 4 B=9, 4, D=0, a4A+2a,C + aB=9, a,A + a, D+ 2a,C=0. 


Let us assume first that neither B nor ) vanishes. Then a,=a,= 0, and 
A= 0, for if A were not zero, we would have also a, = 4,= 90,1. e., there 
would be no plane containing the (supposedly) degenerate cubic. But from 
A = 0 follows either ~,, — u,,= 0, which would make S a quadric, or else w,, 
or v,, would vanish, which however contradicts the assumption that B and D 
shall not be zero. 

Let us now assume Bb +0, D=0. Then a, = 0, and either w,, 
vanish, i. e., either S’ is developable or S has a straight line directrix. Sim- 
ilarly if B= 0, D+0. Finally if B=0, D=0, either S has two straight 


line directrices, or else it has one while S’ is developable. We have therefore 


or v,, must 


the following theorem. Jf the surface has one or more straight line directrices 
the derivative cubic always degenerates. In all other cases, the only way to 
obtain a degenerate derivative cubic consists in taking as derivative ruled sur- 
Jace of S, one of the decelopables of the congruence TY. 

Another question at once suggests itself. To every value of «, i. e., to every 
generator of S there belongs a derivative cubic. In general, the cubics belong- 
ing to values of «, differing from each other by an infinitesimal 6x, will not 
intersect. Their shortest distance will be an infinitesimal of the same order as 
dx. It may happen however that, for an appropriately chosen variable, this 
distance becomes infinitesimal of a higher order, or as we may say briefly, that 
consecutive cubics intersect. We ask now: is it possible to choose the inde- 
pendent variable in such a way that every pair of consecutive derivative cubies 
may intersect ? 

By putting y= y,,2=2, (k=1,2,3,4) in 


(9) = 


we obtain the coordinates of any point /, on the cubic. As x changes we go 


from one cubic to another; as ¢, : ¢, changes we go from one point on a certain 


1 
cubic to another point of the same curve. Equation (9) gives therefore, if both 


x and ¢,:¢, be taken as variables, the locus of all such points /’,, i. e., the sur- 


face generated by all of the derivative cubics of S. If ¢,:¢, be chosen as a 
function of x, a curve is picked out upon this surface. Let us differentiate ¢ 


| 

| 
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totally, i. e., assuming that ¢, and ¢, are functions of x, and consider the quan- 
tity 
dd. 

+ 
where dx is an infinitesimal. This will clearly represent the codrdinates of a 
point on the adjacent derivative cubic determined by the parameters « + 6 and 
t, + dt,/dedx. If the original eubie and this second one, infinitesimally close 
to it, intersect, it must be possible to choose ¢, as functions of « in such a way, 
that the corresponding points of the two curves coincide up to infinitesimals of 
higher than the first order. Therefore d6/d» must differ from a multiple of ¢ 
only by an infinitesimal quantity. Proceeding to the limit we must therefore 
have 

dd 


(10) 


We find by differentiation 


dd 


dx =[(¢,¢,+¢,t,)4 + 


y[ At,t.(t, Put, — 3 + du, t, | 

+p[i At; t, + w(t, + vt, | 


denoting as usual differentiation by strokes. 
If we substitute in (10) we find the following four equations: 


(a) ¢4,) A+ 6+ Att,(t, 
+ 
(6) tt,)A+ AG + Att(t, 
(11) 
(c) — spat) t = opt, 
(7) + —Apyt, —Ipyt,) + vt, = oyt,. 
If we multiply both members of (a) by ¢,, of (6) by — ¢,, and add, and if we 
treat (c) and (d) in the same way, we find 
(e) At, —dpyt,) — Atit,(t) — —d 
+ t,(u,, —u,) = 9, 


(7 wt, (t, — — te) — ¥t,(t, — — =9. 


| 
+ t,2) 
j 
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Let us assume first y+ 0. Divide both members of (f°) by y, and com- 

pare with (ec). We find 

t, —U,) = 0, 

i. e., either S is a quadric, or else either ¢, or ¢, must vanish identically. 
Assume ¢,= 0. Then (e) is satisfied. From (/) we would find p,, = 0, for 
t, cannot be zero, since the ratio ¢,: ¢, is the parameter which determines a point 
on the eubic. But from w,, = p,,=9 follows further v,=0,i.e, D=0, 
so that in this case ~y = Bt; + 2Ct,t,= 9 contrary to our assumption. It is 
therefore impossible to satisfy (11) except by putting y= 90. According to (c) 
and this gives either ¢,; = 0, or ¢, = 0,o0r 4=0. Assume A + 0 and say 
,=9. All equations (11) are now satisfied. But from ¢, = 0, ~ = 0 follows 
D=0,i.e., either w,, or v,, must vanish, i. e., either S has a straight line 
directrix or else S’ is developable. If however A = 0, either S is a quadric 
or else S’ is developable. 

In connection with our last theorem, we may therefore say: J¢ is impossible 
to choose the surface S' of the congruence T in such a way that consecutive 
derivative cubics may intersect, except in the trivial cases when the cubics are 
degenerate. 

If in (9) we put y = 0, we obtain the locus of the intersections of the cubic 
with the generator of S to which it belongs, i. e., a certain curve cutting every 
generator twice. This may be an asymptotic curve. It is, in fact, if the further 
conditions 
(12) — Pt, — Pat, = ot,, 2t) — Pit; — Pt, = ot, 


are satisfied, where @ is arbitrary. For, as (10a) shows, the line joining P, to 


soso 1 @., the tangent to this curve, is then a generator of the second kind 
on the hyperboloid osculating S along g. In other words it is a tangent to an 


asymptotic curve of S. 

In general, of course the conditions (12) and y = 0 can not both be satisfied 
at once. The question is: when are these conditions consistent? We find 
from (12) 


t, @ )t, + pt, ], + ( Pr + w)t,]. 


Let us substitute these values of ¢; and ¢, in the equation dy/dx=0. We 
shall find 


[B+ B(p, + + D(p..+ 0) + 
+ + + Dp. C(p,, + Poo + 2 ) t,t,= 0, 
which compared with y = 0 gives, 


B + B(p, +@)+ = TB, 


i 
| 


| 

| 

| 
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+ D (pos +@)+ =TD, 
2C” + Bp. + Dp,, C(p, + Poo + 20) = 

where T is a proportionality factor. Eliminating 7, we find 

(a) 2( BC’) + BC(p, — Po.) + (2C?— BD B* py, = 0, 
(13) (b) 2(D’'C— DC’) + DC(p,, —p,,) + (2C° — BD )p,, — D’p,, = 9, 

(c) BD —-BD+ BD (p,, — Po) + Dp, Bp., )= 0. 
We may always assume that our system of differential equations has been so 
written that p,,— p,= 9. Equations (18) may then be regarded as three 
homogeneous linear equations for 1, p,,, p,,- Their determinant must there- 
fore be zero. This gives rise to three alternatives: either C° — BD or C or 


BD’ — must vanish. 
Consider first the case C?—- BD=0. Equations (13) become 


2(B'C—BC')— Bp, =0,  2(D'C—DC’)—D*p, =0, 
(14) 
BD’ — BD + CDp,, CBp,, =Q. 


If we multiply both members of the first two equations by CD and — CB 
respectively, add and make use of C*? = BD, we find 
2C*( DB’ — D'B) + C*(CDp,, — CBp,,)=9, 
whence, if C + 0, 
—2(BD' — BD) + CDp,, — CBp,, 
But if we consider the last equation of (14), this gives BD’ — BD=0, 
Dp,, — Bp,, = 9%, which last equation may be written 
Pi2Pa( — = 9, 


i. e., the surface S has at least one straight line directrix. 
In the second place let C=90. Then (13) becomes 


B(Dp,,+ Bp,)=9, D(Dp,+ BD'—B'D=0. 


According to the first two equations S must either have at least two straight 
line directrices, or else u,, + u,, must be zero. The third condition gives, on 
substituting the values of B and D, 

v., 
22 21 _ 0, 


if we assume that S has no straight line directrix, so that v,, and v,, are not 


| 
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zero. By integration we find 


= = const., 


“= const. 


But if we substitute into the condition A = 0 for a surface belonging to a linear 
complex the assumptions =p,, —P.».=9, which we have made, we 
find either i.e, S is a quadric, or p,,p), — = 9, 1. 
Pyo/[P», = const. Therefore we see that if C=0, S either has straight line 


directrices, or at least belongs to a linear complex. Moreover in that case the 
independent variable must be so chosen as to make w,, + w,, vanish. 

If finally BD’ — B’ D =, we find from (13) either C = 0, which leads us 
back to the case just considered, or else Dp,, — Bp,, must vanish, which gives 
again a surface S with at least one straight line directrix. 

In all of these cases the surface S belongs to a linear complex. In the 
special cases the asymptotic lines thus obtained are merely two of the straight 
line directrices, if there are two, or else one straight line directrix and another 
curved asymptotic line obtained by putting ~,,+u,,=90. If we leave aside 
the trivial cases, we can say that if a ruled surface belongs to a linear complex, 
and if the independent variable is so chosen that u,, + U,, = 9, the surfuce of 
derivative cubics determines an asymptotic curve upon it which intersects every 
generator twice. 

We have seen ( Congruence, p. 197), that there exists in the congruence [' a 
single infinity of ruled surfaces S’ for which u,,+u,,=0. They are those 
ruled surfaces of [ whose intersections with the fleenode surface of S are asymp- 
totic lines upon them. But we can also characterize them by saying that such 
a surface is made up of the lines of V intersecting any asymptotic curve on 
the flecnode surfuce of S. In fact, if we assume w,, = u,, = 90, p,, = 9, 


we may write the equations of the sheet /’’ of the flecnode surface as follows: * 


» 
(15) 

12 12 


If Us, + Uy = 9, the coefficient of y' in the second equation vanishes, which 
proves that the curve C’, is an asymptotic curve on #”’. The asymptotic curves 
* The system of equations for the flecnode surface, in Congruence, p. 190, equ. (12), doeg 


not agree exactly with (15) because there the further assumption u,,—0was made. This should 
have been stated there. 


= 
Cs) 
whence, since + = in this case, 
Ps 
4 
4 
| 
| 
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on F”’ and F’” must therefore correspond to each other. The congruence T is 
therefore a so-called W-congruence. * 

We may now state our theorem as follows: Jn order that the surface of 
derivative cubics may intersect the ruled surface S in an asymptotic curve, S 
must belong to a linear complex. Moreover, its derivative ruled surface must 
intersect the flecnode surface of S along an asymptotic curve. 

The asymptotic curve on S, thus determined, is unique. For the ratio 
B: D which determines it cannot be changed by any transformation of the 
variables subject to the conditions p,, — p,, = u,, = Uy, =U, +U.=9. We 
may then take any asymptotic curve of the flecnode surface and consider the 
ruled surface of I made up of the lines which intersect it. We obtain thus as 
a consequence a single infinity of surfaces made up of derivative cubies. All of 
of these intersect S along the same asymptotic curve. 

But we notice further that C= 0. Therefore, this asymptotic curve inter- 
sects every generator in two points which are harmonic conjugates with respect 
to the flecnodes. We shall meet this special asymptotic curve again in a later 
paragraph. 

Another question suggests itself. Is it possible to choose the independent 
variable of our system in such a way that the derivative cubics shall be asymp- 
totic lines on the surface generated by them ? 

In order to answer this question, we must first find the codrdinates of the 
osculating plane of the cubic at any one of its points. For the moment we 
prefer to take the equation of the cubic referred to a non-homogeneous parameter 
t, i. e., in the form 
2, = At’, = At, = Dt, = BP+2Ct+D. 

Its intersections with the plane > w,a, = 0, whose coordinates are (w,,---u,), 
will be given by solving the cubie equation 

+ (Au, + 2Cu, + Bu,)? + (Au, + 2Cu, + Du,)t + Du, = 9. 

The three roots of this cubic must coincide if the plane is an osculating plane 
of the cubic curve. They must therefore also satisfy the equations obtained 
from the above by twofold differentiation with respect to ¢. This gives the fol- 


lowing conditions : 


3 But + Au, + 2Cu,+ Bu,=9, 
(Au, + 2Cu, + Bu,)t + Au, + 2Cu,+ Du, =9, 
(Au, + 2Cu, + Du,)t + 3Du,=9. 
Of course, only the ratios of w,---u, are of interest, so that we may multiply 


u 


+++, by a common factor if we please. We find 


* Cf. BIANCHI-LUKAT, Vorlesungen iiber Differentialgeometrie, p. 315. 


4 
4 
| 
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u.= u,= AD, 


(16) 
u,=— 


as the covrdinates of the plane osculating the derivative cubic belonging to the 
generator g at the point whose parameter is ¢, or in homogeneous form, 

17 —2CDt, u,= ADt;, 

u,=2BCti + Dt, u,= — 


4 


We have already made use of the expression 
At, t,( ty + ( tp + t,o) 
as giving the codrdinates of a point (¢,:7¢,) of the eubie curve which belongs to 
the argument «, or as giving the codrdinates of a point (x, ¢,:¢,) of the surface 
formed by the aggregate of all of these curves. The plane which is tangent to 
this surface at the point («, ¢,:¢,) must contain also the point ¢,:¢, of the adja- 
cent cubic, i. e., the point whose coordinates are given by 


d+ 


cu 


where in forming t, and t, are regarded as independent variables. 
The tangent plane must therefore contain the point whose codrdinates are 
We have 

[ A tt,— At, t,( Put, + Pa’) + 


Cx 
+ 2[ Ate = Prot, + t, 

| oy 

+ p[3 Att, — Pub + Pal.) + Or t, | 


( + Poet.) + ox t, J. 


The point, whose codrdinates (£,, ---, &,) are the coefficients of y, z, p, 7 in 
this expression, must be in the tangent plane of the point (x, ¢,:¢,). If there- 
fore, the cubic curve is an asymptotic line upon the surface, its osculating plane 
must contain the point (&,, ---, &,), i. e., we must have 


(18) +u,€,+ u,€,+ u,€,= 0. 
We find in the first place 
Bt} +(2A' + 2u,,C — Ap,,) tit, + D— Ap,,)t,t, 


(19) 
= u,, Dt} + (u,,B — Ap,,) tit, + (2A’ + 2u,,C — Ap,,) t,t, 


| 

4 

} 
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(2B — Bp,,)ti+(A— Bp, —2Cp, 
(19) + (2D’' — Dp,, —2Cp,,)t, — Dp,,t, 
= — Bp,,t)+ (2B — Bp,, —2Cp,,) tit, 
+(A— Dp,,+4C’ —20Cp,,)t,6 + — Dp,,)t}. 
If these values, and the values (17) for u,, ---, uv, be substituted in (18), and 
the coefficients of ¢’, ¢?t,, ete., be successively equated to zero, the following 
seven equations make their appearance : 
u, B+ AB p,, =9, 
B?(2A’ + 2u,,C — Ap,,) + 2BC(u,, B— Ap,,) 
— AB(2B — Bp,, —2Cp,,)=9, 
B’(u,,D— Ap,,)—3BDu,, + 2BC(2A' + 2u,,C — Ap,,) 
+ 3BD(u,,B— Ap,,)— AB(A— Dp,,+4C’ —2Cp,,)=9, 
—3BD(2A’' + 2u,,C— Ap,,) —2BCD(u,, — u,,) 
(20) +38BD(2A’' + 2u,,C — Ap,,) 
+ AD(2B' — Bp,,)— AB(2D' — Dp,,)=9, 
— 3BD(u,, D— Ap,,)—2CD(2A' + 2u,,C — Ap, ) 
+3BDPu,,— DP (u,,B—Ap,,) +AD(A— Bp, —2Cp,,)=9, 
—2CD(u,, D— Ap,,) — + 2u,,C — Ap,,) 
+ AD(2D' — Dp,, —2Cp,,)=9, 
—u,,D'— ADP p,, 
Let us assume that both B and PD are different from zero. Then the first 
and last equations give 


But all of the possibilities here suggested give zero values to either Bor D, 
or both, except “,, — “,, = 9, in which ease S is a quadrie. But this is only 
apparently an exception, arising from the fact that in this case t) fleenode curve 
is indeterminant. If two of the straight lines of the second set be taken for 
the curves C’ and we have in this case also B= D=0. 

There remain two possibilities. If B= D= 0 all of the equations (20) are 


4 
1 
j 
j 
4 
4 
j 
— Uy) 0, (Uy, Us) Po = 0, 
or 
j 
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satisfied. If S’ is not developable, S must then belong to a linear congruence. 
If S’ is developable, it is sufficient for S to have one straight line directrix. 
In either case the derivative cubie degenerates into a straight line, and is there- 
fore obviously an asymptotic curve upon the surface of cubics. 

Finally, it might happen that one only of the two quantities B and D is zero. 
Say B=0, D+0. Then the first four equations of (20) are satisfied. The 
other three become 

4u,, OF + ADp,, + A?=0, 


— 2Cu,,D— D(2A’ + 2u,,C — Ap,,) + A( 2D’ — Dp,,)=9, 
—u,,D— Ap, =9. 
From the last of these we find 


whence, since + 0, follows w,, =, and therefore A = 0. The second equa- 
tion now gives us C= 0, which «.!so satisfies the first. We have again S’ a 
developable surface, so that the cubic degenerates. Therefore 

The derivative cubics of a ruled surface are asymptotic curves, upon the sur- 
Jace formed by their totality, only in the trivial cases when they degenerate 
into straight lines. 


§ 2. Null-system of the derivative cubic. 


A twisted cubie always determines a null-system, i. e., a point-to-plane cor- 
respondence with incident elements. Geometrically this correspondence may be 
set up as follows. An arbitrary plane intersects the curve in three points. 
The three planes, which osculate the curve in these points, intersect again in a 
point which is situated in the original plane. This is the point which corre- 
sponds to the plane in the null-system of the eubie. 

We shall now set up the equations for this null-system. For this purpose it 
is more convenient to use the equations of the eubic referred to a non-homo- 
geneous parameter ¢. i 

Let ¢,, ¢,, ¢, be the three values of ¢ which correspond to the three points in 
which the plane 
intersects the cubic. Then ¢,, ¢,, ¢, are the roots of the eubie equation 

+ (Av, + 2Cv, + + (Av, + Dv, + 2Cv,)t+ Dv, =9. 
Therefore we shall have 


Av, + 2Cv, + Br, 


Be, 


= + t,+t,), 


| 

i 

|| 

j 

| 
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Av, + Dv, + 2Crv 
= t,t, + 0,0, 
De, 


Be italy: 


If we solve these equations for v,/v,, v,/v,, v,/v,, then make them homogene- 
ous, and multiply v, ---v, by the common factor A, we shall find 


= — 20D + Bt,t,t, BD(t,+t,4+t,), v, = AD, 
(21) 
— 2BCt,t,t,+ BD(t,t, + t,t,+ v, = — ABt,t,t,. 


4 


The codrdinates of the planes which osculate the curve in the three points 
t,, t,, t,, are, according to (16), 


u = Bt? —3BDt,—2CD, uf = AD, 
= 2BCR+ D, = — ABt 


(k=1,2,3). 


Let x,,---#, be the coordinates of the point of intersection of these three 
planes. We must then have 


= 0 (k=1, 2,3). 
Solving these equations we find 
x, = A(t,t,+ ¢,¢,+ ¢,4,), 
A(t, +t,+¢,), 
v, = 3Bt,t,t,+ 2C(t,t,4+ tt,+¢t,)+ 
v,= 3D, 


and a simple calculation will show that }>v,#, = 0, i. e., as we have stated, the 
point of intersection of the three osculating planes lies in the plane of the three 
points of osculation. 

In our null-system then, the plane (21) and the point (22) correspond to each 
other. To find the explicit equations for this correspondence, we need only 
eliminate ¢ 


,+ ¢,, ¢, between equations (21) and (22). Denoting by @ and ’ two 


proportionality factors, we find : 


ov, = * +4(C°— BD)x,+ ABxr, —2ACz,, 

wv, = —4(C*— BD)x,+ +2ACr,— ADz,, 
(23) 

ov, = — ABz, 2A Cx, + + 


ov, = 2A Cz, + A Dz, — A’x, 


x 

fi 

| 

4 

3 
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= * + + ADev, + 2AC»,, 

wr,=— + * — 2A Cr, ABv,, 

(24) w'x, = — ADv, + 2ACe, + * +4(C*— BD)v»,, 
= —2ACr,+ —4(C*?— BD)v, + *. 


But associated with the null-system we have a linear complex, made up of all 
of the lines passing through a point, which lie at the same time in the plane 
corresponding to this point in the null-system. Introduce line codrdinates by 
putting = 7, y, = — Where and y,---y, are 
coordinates of two points on the line, and where »v, ---v,, w,---w, are the coor- 
dinates of two planes containing the line. Zhen the equation of the complex 
may be written in either of the forms 


(25) —4(C*— BD )o,, —ABo,, + 2A Co,, — 2A Co,, —ADo,, —A’o,, = 9, 
—4(C’°— BD)o,, — ABo,, + 2ACo,, 

—2ACo,,— — = 90. 
This complex becomes special if A*BD = 0, i. e., only if the cubic degenerates. 

To the fleenode P(x, = x, = #, = 0) corresponds the plane 
[9,—4(C*— BD), —AB,2AC}. 

Therefore, if C?— BD=0, i.e., if the derivative cubic is tangent to the 
generator g, the corresponding plane passes through gq. If C=0,i.e., 
u,,/U,, = const. the plane passes through P, P,. Therefore, if the intersections 
of the cubic with g and the flecnodes form a harmonic group on g, the plane 


corresponding to each flecnode passes through that point of the derived ruled 


surface which corresponds to the other. 


$3. The osculating linear complex. 


There is another linear complex associated with every generator of a ruled 
surface, even more important than the one just considered. A linear complex 
is determined by five of its lines, provided that these have no two straight line 
intersectors. Let us consider five generators of a ruled surface, g and four 
others. As the four other generators approach coincidence with q, a definite 
linear complex will in general be obtained as a limit. We shall speak of it as 
the linear complex osculating S along ¢. 

Instead of determining the complex by five consecutive generators of S, it 
will be advisable to determine it by means of two pairs of lines which are recip- 
rocal polars with respect to it. Two such pairs are obviously constituted by 
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the flecnode tangent of g and of another generator infinitesimally close to g. 
Let us denote by 7, f', f’, 7) respectively the generator of S, the first and 
the second fleenode tangents and the generator of S’ which belong to the argu- 
ment «. Similarly we denote by ¢,.;,, etc., the corresponding lines belonging 
to the argument x + 6x, where 6x is an infinitesimal. 

Clearly f’ and f” are the directrices of the osculating linear congruence, 
(determined by four consecutive generators). Therefore all lines intersecting 
J. and f” belong to the osculating linear complex, which must therefore be of 
the form 
(27) aw,, + bo,, = 9. 


Change the parameter x by an infinitesimal quantity 62. The fleenode tan- 
y 1 
gents and f must again be the directrices of a linear congruence con- 
tained in the complex. We have 

= = Px + On, ete. 
If we substitute the values of y’, p’, ete., from Covariants, equations (21) and 
(33), we shall find 

ag 

2Y = 2Y + (P—Puy — 


= 22 + (6 — pay — 


= + — Py P — Poo] Ox, 


26,05, = 20+ [uy + — — PF | 
where of course w,, and w,, may be equated to zero, since C and C” constitute 


the flecnode curve. 
Now clearly, the coefficients of 7, z, p, o in the expressions 


will be the codrdinates of two arbitrary points P, and 7’,, situated on f. ;, 
and /.’.;, respectively. If (27) is the equation of the osculating complex, the 
plane which corresponds in it to ?, must contain 7, for arbitrary values of 
and uw. This consideration will enable us to determine the ratio a:b. 


We find first, remembering that w,,=wu,,=9, for P, and P, the codrdi- 
nates: 
P, — FP 2 — Mpa. — Px 2+ ( 


Trans. Am. Math. Soc. 16 


| 
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But, if we denote by w,, ---, uv, the coordinates of the plane which corre- 
sponds to the point ,, ---, #, in the linear complex (27), we find 


= — u, = + be,, U, = u, = — be,. 


Substituting for #,, ---, , the codrdinates of P,, and writing down the condi- 
tion that P, shall lie in the plane corresponding to P,, we find that we must 
have 

a(m—A)p, +b(A—4)p,, = 9 
for arbitrary values of and i. e., a:b = p,,: 


Therefore, the equation of the osculating linear complex, in the system of 


coordinates here employed, is 


9 
(28) P23 + = 9. 
The point-plane correspondence, determined by this complex, is given by the 
equations 

29) = = — Py Us = — Pa 


Let us consider a point on the generator gy. There will correspond to it, in 
this complex, a plane, obviously containing the generator itself. But to every 
point of g there also corresponds another plane through ¢, viz., the plane tan- 
gent to the ruled surface at that point. Clearly, there will exist in general two 
points on g at which these two planes will coincide. We shall call them the 
complex points of g, and their locus on S, the complex curve of the surface. 
We proceed to determine the complex points of ¢. 

The plane corresponding to any point of g, (#,, 7,, 9, 0), in the osculating 


linear complex, has the coordinates 

(30) u. =O, = U, = Py 

The codrdinates of the plane, tangent to S at the same point, are found most 
easily by computing the equation of the plane tangent to the osculating hyper- 


boloid /7 at that point. They are (0,0,2,,—2,). This plane and (30) 


coincide if and only if — p,,7,: p.%, = %,:—#,, e., if 


This shows that the complex points and the flecnodes form a harmonic group 


on every generator of the surface. 

If in (7) we put w,, + u,, = 0, we find that the derivative cubic intersects ¢ 
precisely in the complex points. Therefore: if the surface S’ of the congru- 
ence T is so chosen that it intersects the flecnode surface of S in an asymptotic 


curve, the surface of derivative cubics will intersect S along its complex curve. 


| 
j 
i 
j 
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If S is contained in a linear complex, the complex curve is at the same time 
an asymptotic curve. 

For, we notice in the first place that under our assumptions the factors of the 
the expression p,,z°—p,,y° determine the complex points. Let us assume 
Py — Po = 9, which we may do without affecting the generality of our argu- 
ment. Then the condition A = 0 for a linear complex becomes p,,/p,, = const. 
If we now make the transformation 


N= V V c=1 PaY — V 


we find that in the transformed system of differential equations, 7,, = 7,, = 0, 


12 
the coefficients of this transformed system being denoted by Greek letters. But 
this proves that C, and C, are asymptotic lines on S. It is geometrically 
evident that the tangents of this asymptotic curve will be lines of the linear 
complex. 

Lie seems to have been the first to notice the existence of this special asymp- 
totic curve on a ruled surface belonging to a linear complex. He noticed in 1871 
that its determination requires no integration, and that all other asymptotic curves 
can be obtained by quadratures.* These latter remarks we can also verify 
at once from our theory. Picarp found the same theorems independently in 
1877.+ These theorems on the determination of all of the asymptotic curves 
by quadratures if one of them is known, follow at once from the fact first noted 
by Bonner that their equation is of the Riccati form, and had already been 
explicitly formulated and applied to special surfaces by CLEBscH.${ It seems 
that Voss § was the first to notice that this asymptotic curve and the flecnode 
curve divide the generators of the surface harmonically. Cremona || however 
had already observed this in the special case of a surface with two straight line 


‘directrices. The general notion of the complex curve, its relation to the deriva- 


tive surface and to the surface of derivative cubics do not seem to occur in the 
literature of the subject. 

There always exists a pair of points harmonically conjugate to each of two 
given pairs. We see easily that the pair 


(32) Pal +Pu® 


is thus situated with respect to the flecnodes as well as the complex points. 
They are therefore the double points of an involution of which the flecnodes 


*LIE, Verhandl. d. Ges. d. Wiss. Christiania (1871), Mathematische Annalen, 
vol. 5 (1872). 

t PIcARD, Thése, Paris (1877). See also DARBoUX, Bulletin (1877), p. 335, and Annales 
del’ Ecole Normale (1877). 

t CLEBSCH, Crelle’s Journal, vol. 68. 

§ Voss, Mathematische Annalen, vol. 8 (1875). 

|| CREMONA, Annali di Matematiche (1867-68). 
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and the complex points are two pairs. We will call them the inro/ute points, 
their locus the involute curve. Of course these three pairs cannot be real at 
the same time. 

Consider the expression 
(33) 
where 


It is easy to prove that y is a covariant. Moreover it reduces to (32) under 
our special assumptions. Therefore, the factors of the covariant 0.F—@,C 


give the expressions for the involute points in invariant form. If 
(3 ) las 
the combined locus of C, and C_ constitutes the involute curve. If however 
(35) =Q, —v,, =U, 


then Cand C_ together constitute the complex curve. 

We can also write down a covariant whose factors give directly the complex 
points. It is found by writing down the conditions that a quadratic in y and z 
shall represent points which divide the pair of the fleenodes, and the pair of 
involute points harmonically. We find in this way, that the factors of 


(36) 


2 9 T lowe 
Uy ly +2] — Uy, | 


represent the complex points. One of the covariants (33) or (36) should be 
added to the list ( Covariants, p. 433), which is incomplete as it stands. 

We can easily show that the derivative cubic cannot intersect g in its involute 
points unless S is a quadric. Moreover if the derivative cubie intersects y in 
two points which are harmonic conjugates with respect to the complex point, S 
can only be a quadric. The cubic will however intersect g in two points 
harmonic conjugates with respect to the “involute points, provided that 
= 9, i. provided that S’ intersects the flecnode surface of S in an 
asymptotic curve. It then passes through the complex points. 

It is further clear, geometrically as well as analytically, that the two complex 
points, as well as the two involute points, can coincide only if S has a straight 
line directrix or if the flecnodes coincide. They become indeterminate if S has 
two straight line directrices. 

To every point 7’ of g’ there corresponds a plane in the osculating linear 
complex, as well as the plane tangent to S’ at P’. When do these planes 


coincide ? 


| 

| 
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Let the codrdinates of P’ be (0,0. 2,,%,). The plane, corresponding to 
P’ in the complex, has the codrdinates (2,p,,, — %, p,,, 9,9), so that it con- 
tains gy’. The codrdinates of the plane tangent to S’ at 7” are of course the 
same as those of the plane tangent to //’ at P’. which may be obtained from 


(5), viz: These planes coincide if and only if 
“in Piz Uso Py 


The corresponding points on g are again harmonic conjugates with respect to 
the flecnodes, i. e., those asymptotic tangents of S which join g to the points of 
q_, the planes corresponding to which in the linear complex are the planes tan- 
vent to S’, are harmonic conjugates with respect to the flecnode tangents. 
5 
The planes which correspond to these two points of qg’ in the null-system of 
] 
the cubic, do not contain g’. 
§ 4. Relation of the osculating linear complex to the linear complex of the 
derivative cubic. 
The equations of the two complexes are 
02, =4(C°— BD)o,,+ ABo,,+ ADo,, 
(37) + + 2ACo,,—2ACo,, = 9, 
= 


Their simultaneous invariant is 


(38) — 2u — Up Pas 


11 
which, leaving aside the cases when S’ is developable or when S has one or 
more straight line directrices, vanishes if and only if v,, + u,,=9. Therefore, 
the osculating linear complex and the complex of the derivative cubie are in 
involution if the first derivative ruled surface cuts out asymptotic curves on 
the flecnode surface of S, and the cubic passes through the complex points of g- 
Some of our previous theorems are consequences of this. 
The two special complexes which are contained in the family 
AD, BQ, = WU, 


where and yu are constants, are those for which 


& 42 2 9 2 
— BDH — 2u,, Uy, — (Uy Ps Py MEF = 9, 
or, discarding again the case when S has a straight directrix, 
9,,3 3 452 9 2 2 


They coincide if 


2 2 4 ! 2 9,,5 3 Dee 


| 

| 
| 
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i.e, if S’ is developable, if S is a quadric, or if 
(39) + + 12u,,u,, = 9. 


We can always choose the independent variable so as to satisfy this condition. 
In fact, if we change the independent variable by putting & = &(«), according 


to Congruence, equation (5), we shall have 
(4%, + + 12%,,%,, = 9, 
if & be taken as any solution of the equation 


(40) + 32(u,, +.) e+ + Uy) +124, u,, = 9, 


where 


E,x2} — 7 = 


Th, erefore, there exist two families of x! non-developable ruled surfuces in the 
congruence T such that the linear congruence, common to the osculating linear 
complex of S and the linear complex of the derivative cubic, shall have coinci- 
dent directrices. Any four surfaces of one family intersect all of the asymp- 
totic tangents of S in a point row of constant anharmonic ratio. The two 
families never coincide unless 6, = 0, i. e., unless the fleenode curve intersects 
every generator in two coincident points. But in this case the congruence is 
not defined. If S has a straight line directrix this congruence is degenerate. 

The coordinates of the plane, which corresponds to a point (2,, v,, 0, 0) of 
g in the null-system of the cubic, are 


4(C?— BD)x,, —4(C?—BD)x,, —ABx,—2ACr,, 2ACr, + ADz,. 


This plane contains g if and only if C’ — DD = 0,i.e., if the derivative cubic is 
tangent tog. It will coincide with the plane tangent to S at this point, if further 


— —2ACr, = 2A Cr, + ADr, = — ox,, 
where @ is a proportionality factor, or 
ABr,+(2AC+)r,=0, +)2,+ ADr,=0, 
whence follows a = — AC’or —3AC. We have therefore 
—C:B=—D:C or B=D:C. 


l 

These points are harmonic conjugates with respect to the flecnodes. 
Therefore, if the derivative cubic is tangent to q, there are two points of q 
whose tangent planes are the planes corresponding to them in the null-system 
of the cubic. These points and the flecnodes form a harmonic group on q. 


They never coincide with the complex points unless the ruled surface has a 


straight line directrix. 


I 

| 
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The planes, corresponding to a point of ¢ in the null-system of the cubic and 
in the osculating complex, coincide if 
C?—- 
(AB— + 2ACxr,=0, 
2A Cr, + | AD — = 0, 
where @ is a root of the quadratic 


(41) Usy Uy, )@ 7 u,, =O, 


neglecting again the case when S has a straight line directrix. These two points 
of g coincide if + u,,)° + 12u,,u,, = 0. 

More generally, if we write down the conditions that the same plane shall 
correspond to a point (.°,,7,, ”,, “,) in the osculating linear complex and in 
the complex of the cubic, we shall obtain as the locus of these points two straight 
lines, the directrices of the congruence common to the two complexes. These 
conditions are as follows, «, .--#, must satisfy the equations : 

+ 4( C*— BD + ( AD ) 2A Cz, =f, 
—4(C*— BD)x, + « + 2ACr, —(AD — wp,, )z,=9, 
(42) 


2A Cr, + (AD — op, — AP, + . =, 


the vanishing of whose skew-symmetric determinant gives for @ the quadratic 


equation (41), which may also be written 
(41a) BD)-44°C?=0. 


Let , and w, be the two roots of this equation. If we eliminate «, from the 
first two, «, from the last two equations of (42), if we make use of (41a) and 


9 


assume that neither A nor C* — BD is zero, we shall find 
(AB — @, — 2A Cr, Ate, = 0, 


—4(C°— p,,)v,+ 2ACr, = 90 
whence 
+ A( AB —o,p,,)x, = 9, 
(43) (k=1,2), 
—(AB—o, p,,)2,—2ACr, + = 0 
the equations of the two directrices in simpler form than in (42). 
A line joining the point (.7,, “,, 9,0) of g to the point (0, 0, ,, «,) of g’ 
is a generator of the second kind on /7. It is not difficult to see that it will 


intersect the directrix (43) if and only if 


(44) — ( AB — Py» rae 44° BDer* = 0. 


4 
j 
| (k= 1,2), 
| 
| 
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Hence, the two points, in which either of the directrices of the congruence com- 
mon to the two complexes intersects the osculating hyperboloid, determine upon 
this hyperboloid two generators of the second set which are harmonic conjugates 
with respect to the fleenode tangents. 

It also follows easily that the two pairs thus obtained, one corresponding to 
each directrix, coincide only if + 4,,)° + = 9, i. e., if the diree- 
trices themselves coincide. Further if one of these pairs intersects g in the 
involute points, the same is true of the other pair, so that this can only happen 
if the directrices coincide. Finally, such a pair of generators of // can pass 
through the complex points only if S has a straight line directrix, or if S’ is 
developable. 

The line joining the points (,, 9, #,,0) and (0, 0, isa generator 
of the first set on /7. The codrdinates of an arbitrary point of this line are 
(Aur, )- This line will therefore intersect one of the directrices 


of the congruence if ,, ,, 4, # can be determined so as to satisfy the equations 


—A(AB—w + -- 2AC2, + A*x,)= 0, 


which gives either = 0, AB — p,, = 0, or 
(45) 4(C* — BD) 4A Cx, 2, + A? = 


The first two cases give either a surface S with a straight line directrix, or else 
a developable surface S’. Leaving these cases aside we notice that (45) does 
not contain @, 8O that if the line on // here considered intersects one of the 
directrices it intersects the other also. Combining this with our previous result, 
we see that the following theorem holds. 

The four points in which the directrices of the congruence, common to the 
osculating linear compler and the linear compler of the derivative cubic, inter- 
sect the osculating hyperboloid can be qrouped into two pairs, such that the 
line joining the members of each pair shall hea generator of the jirst set 
upon the hyperboloid., Upon this generator this pair of points, together mith 
the intersections of the generator with the Aecnode tangents, form a harmonic 
group. 

The plane, corresponding to a point (.,, 7,, 9,0) of g in the null-system of 


the cubic, intersects the flecnode tangents 
in the point | A Bu, + 2ACr,, 9, 4(C* — BD 0 | 
in the point [ 0,2A Cr, + A 0, 4( C*— BD ‘ 
The line joining these points is a generator of //, if either 


A=Q9, or or De’ = 


Therefore, there exist in general two points On, harmonic conjugates with 


| 
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respect to the flecnodes, such that the planes, corre sponding tu them in the null- 
system of the derivative cubic, pass through a generator of the osculating 
hyperboloid. Tf the cubic is tangent to g the null-plane of any point of g con- 
tains a generator of //, viz, g itself. If A = 0 likewise, u// points of g satisfy 
the condition of the theorem. Their null-planes all pass through ’. 
$5. Various theorems concerning the fle cnode surface. The principal surface 
of the congruence V. 

Let us consider the planes which oseulate the fleenode curve of S at /?, and 
P_. We have of course =u, =9. #,, #,, are the coordinates of 
an arbitrary point of the plane osculating C, at /?, we have for the equation 


of this plane 


== 
Y 
But 


If we assume again p,, = p,,= 9, and substitute into the above equation, it 


becomes 


But if we introduce again our fundamental tetrahedron 2? 2.7, 7,, this 
becomes 

(46a) + = 0. 

In the same way we find the equation of the plane osculating C_ at P_ to be 
(460) — 247"; + piv, = 0. 

To these equations must be added the conditions ,, = u,, = 9, if C, and C’ are 
the two portions of the flecnode curve. 

Let us assume that this is the case. The osculating planes at /?, and 7’. 
intersect along a straight line, whose intersections with the oseulating hyper- 
boloid may now be found. If #,, ---, .“, are the coordinates of one of these 
points of intersection, we find 

(47) 


Pili F 24.) 


j Y, Yo Ys Yo 
| 
| 
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where the ratio of «, : 7, is determined by the quadratic 


9 


(48) (Pi: Pr — 83 + 2 (Pda + Pa hz) — = 9- 


Therefore if p,,9., + Po = 9,1. if = const., the two generators 
of the first kind on H which pass through these points are harmonic conjugates 
with respect to g andg’. If 
(49) — Pa his) + Po =0, 
the intersection of the two osculating planes is tangent to the hyperboloid. 
This latter property is obviously characteristic of a class of ruled surfaces, and 
can be expressed in invariant form. 

Tf 0:0? + 166°, = 0, the ruled surface S has the following characteristic 
property. The planes, which osculate the flecnode curve at the iwo points of 
its intersection with any generator, intersect in a line which is tangent to the 
osculating hyperboloid. 

To prove this it is sufficient to notice that the invariant equation 


(49a) + 160°, = 0 

reduces to (49) under our special assumptions. Further we notice: 
If the independent variable is chosen so that 6, 

gq of the first derived surface is the harmonic conjugate of g with respect to 

the two generators of the same kind on H which are determined by the points 


/@, = coust., the generator 


in which the line of intersection of the two osculating planes intersects H. 

The plane osculating the fleenode curve at P, intersects the fleenode tangent 
J” which passes through P, in the point (0, 29,,,9,p,,). Similarly, the plane 
osculating C’, at P_ intersects f’ in the point (29,,,9, p,,,9). Therefore, the 
line joining these points is a generator of //. if and only if p,,9¢,, — Px G,.= 9; 
i. e., if S belongs to a linear complex. In other words: the points in which the 
two planes, osculating the flecnode curve at its points of intersection with any 
generator, intersect the flecnode tangents are situated upon the same generator 
of the osculating hyperboloid if and only if the surface belongs to a linear 
complex. 

To each of the two planes (46a) and (464) corresponds a point in that plane 
by means of the osculating linear complex. These points have the coordinates 

(= Pas — 24,25 9, — and (295 Pas 

We find that the line joining them intersects /7 in two points which form a har- 
monic group with the first two, if S belongs to a linear complex. It is tangent 
to H if (49) is satisfied. Therefore, if the two planes, osculating the flecnode 
curve at its two points of intersection with a generator, intersect in a line 
which is tangent to the osculating hyperboloid, the line joining the two points 
of these planes which correspond to them in the osculating linear complex is 


also tangent to the osculating hyperboloid, and conversely. 
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We have seen that, under the assumptions w,, = v,, = p,, = P» =, the 
equations of the sheet /’’ of the fleenode surface assume the form (15). Let 
us denote by ll, the quantities formed for this system according to the same law 
as are the quantities ,, for the equations of S. Then we shall have 


P 2 Fm ~ 
The curve C, is a branch of the fleenode curve on F’’ as wellason S. The 
other branch is the locus of the point 


— — U,,)p- 


Now if the transformation = &(2:) is made, p is converted into 


3 
p= (p+ ny), where n= 


Therefore, if a transformation &, = &,(2) is made such that the derivative sur- 


face of S with respect to & shall eut out upon F”’ the second branch of its 


1 
fleenode curve, &, must be so chosen that 


Vii — Pre 
Similarly the second branch of the fleenode curve on F’” will be obtained by 
putting 
(500) yn, = gta, 


P21 
The two surfaces of T thus obtained coincide only if S belongs to a linear com- 
plex, i. e., the second branches of the flecnode curves on the two sheets of the 
flecnode surface of S correspond to each other only if S belongs to a linear 
complex. 

We have seen that the plane osculating C, at P, intersects /” in the point 
29,.% + p,,.¢. The corresponding point on /’’, i. e., the point obtained by find- 
ing the intersection of f’ with the corresponding generator of /7, is given by 
29,.Y+P.P- We find a surface of I which intersects f’ and f” in these 
points by making a transformation of the independent variables for which 
n = 27,,/P\.5 or if we denote this special value of » by 7,, 


1 Zi — 


we find 


and similarly 
n=3(",+ 


9 
P i2 
; If we now denote by 7 the expression 
| 
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This gives us a very important result. For, we have frequently made use-of a 
normal form for our system of differential equations, in which 6,= const. But 
in order to have 6, = const., we must make precisely the transformation deter- 
mined by 7. On account of its importance, we will call the surface of [ which 
is thus obtained, the principal surface of the congruence, and the curves in 


which it intersects the two sheets of the fleenode surface of S their principal 


curves. We see then that the principal surface may be constructed as follows. 
We consider the flecnodes P, and P_ of gq, the planes p, and p, osculating 
the flecnode curve at these points, and the points P’ and P” upor the flecnode 


tangents f° and f” whose loci are the second branches of the flecnode curves on 
the two sheets F’’ and F’” of the flecnode surface. The plane p, intersects f” 
in a certain point to which corresponds a point on f° such that the line joining 
them is a generator of the osculating hyperboloid. This latter point together 
with P’ constitute a pair, such that the harmonic conjugate of P, with respect 
to it is the point in which the principal surfuce intersects f'. The intersection 
with 7” is found in the same way. 

We might also say, that in this way there is determined, upon the generators 
of /7, an involution whose double elements are g and the generator of the 
principal surface. 

This construction is especially important for the complete geometrical inter- 
pretation of the covariant C,. For, the interpretation given in a former paper, 
( Covariants, p. 450), rests upon the use of the principal surface, since 0, is 
assumed to be constant, a fact which appears clearly from the detailed proof of 
the theorem there given, but which is not mentioned explicitly in its enuncia- 
tions as it should have been. 

By combining a number of our previous results with the notion of the princi- 
pal surface, we obtain a number of theorems, which may be easily verified. 
They provide interpretations for the vanishing of certain invariants, and there- 
fore furnish characteristic properties of certain families of ruled surfaces. I 
write them down without proof. 

If 0,,.= 9, 0, + 0, the principal surface is the harmonic conjugate of S 
with respect to the two ruled surfuces of T which cut out the second branches 
of the flecnode curves on and 

If 0.0, = the principal surface intersects P and along 
totic curves. 

Tf 40° == ( 0.6, 90, the principal surface is velopable. 

0: =), the principal surface intersects one of the sheets of the 
flecnode surface along the second branch of its flecnode curve. It thus inter- 
sects both sheets if 6, = 0. 


PAIS, October 6, 1903 


‘ 
» 


